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first choice while A receives the most votes for second choice. Then 
B; = Ag and = As. 
It is now impossible for B to win. For if B is to win we must have 


2A, + + 2A3 < + yA3 + 
which reduces to 
y<z 


and this is contrary to hypothesis. In like manner we can show that if A and B 
have an equal number of votes for second or third choice and A has the greater number 
of votes for first choice, then it is impossible for B to win. 

There remains the case where any two candidates A and B receive an unequal 
number of votes for first, second, and third choice. We will now suppose that 
A receives the most votes for first choice. Under this hypothesis it is clear that 
the z-axis lies within the region 4G, for the weights 1, 0, 0 are such as to make A 
win. 

Designate by ab, ac, be the lines of intersection of the plane 


(2) x = any real positive constant 


with the planes AB, AC, BC. Designate by O’ and P its intersections with the 
z-axis and with the line x = y= 2. (See figures 2 and 3.) Let 0’z’ and 0'y’ 


a 


be the intersections of the plane (2) with the planes y = 0 andz=0. Draw 
QP perpendicular to O’y’. In order that x > y > 2, we must choose as weights 
the coérdinates of some point within the triangle O’PQ. Since the plane AB 
contains the line « = y = 2, the line ab must contain the point P. The region 
6 and the z-axis are on opposite sides of the plane AB. Hence in order that 
B may win over A it is necessary that the line ab have a positive slope greater 
than unity but not infinite. In like manner in order that C may win over A 


‘ 
y 
ac ab ab ac 
Fig. 2. Fig. 3. 
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it is necessary that the line ac have a positive slope greater than unity but not 
infinite. 

Suppose the slopes of ab and ac both positive and greater than unity. If the 
slope of ab [or ac] is less than that of ac [or ab] then B [or C] may win over both 
A and C [or B] by choosing as weights the coérdinates of any point within the 
region PQR, [or PQR2]. From Fig. 2 (or Fig. 3) in order that C [or B] may win 
over B [or C] and A it is necessary that the line be have a positive slope greater 
than unity but not infinite and also greater than the slope of ac [or ab]. 

Thus, in order that either one of B or C at will may win over the other two candi- 
dates, A having the greatest number of votes for first choice, it 1s necessary that each 
of the three lines ab, ac, be have a positive slope greater than unity but not infinite 
and that of these three lines the slope of be be the greatest. 

These conditions are also sufficient. Illustration: 


Choice 
Ist 2d 3d 
A 9 2 9 
B 4 11 5 
Cc 7 7 6 Winner 
4 2 1 A 
Weights 6 5 1 B 
3 2 1 C 


A DIRECT PROOF OF DE MOIVRE’S FORMULA. 
By S. LEFSCHETZ, University of Kansas. 


The proposition which will be proved here, and which is practically equiv- 
alent to De Moivre’s noted theorem, may be stated thus: 

If X, Y, Z are three complex numbers of modulus unity, and such that their 
arguments x, y, z have a zero sum, then XYZ = 1. 

Let X=at wa’, Y=b+ Z=ct+ and denote their conjugates 
by X, Y, Z. The moduli being unity, we have X=1/X, Y = 1/Y, Z = 1/Z. 
Let A and B be the representative points of X and Y, using Argand’s diagram, 
O the origin, E the foot of the perpendicular AE from A to OB. As angle BOA 
= («+ y), it follows that OF = —c, EA = —c’. The coefficients of the equa- 
tions of the lines OB and AE are rational in the coédrdinates of A, B, that is, in 
a, b, a’, b’, and therefore the same holds for the coérdinates of their intersection 
E. When these are known, the ratio OE/OB = — c/1 is determined rationally. 
Hence ¢, and similarly c’, can be determined rationally with respect to a, b, a’, b’. 
Therefore. 


(1) Z=c+te'= f(a, b, a’, b’), 


) 

| 
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where f is a rational function. But 


1 1 | i 


b 7): 


Substituting in (1), it can be replaced by a relation such as 
(2) F(X, Y, Z) = 0, 


where F is a polynomial in X, Y, Z, of the first degree in Z. When the three 
variables are arbitrarily permuted, five other relations of the same type are 
obtained which, for reasons of symmetry, must be equally satisfied. But between 
X, Y, Z, only one relation can exist, since two of them are arbitrary. Hence 
the polynomials at the left of the relations analogous to (2), which have just been 
considered, have a common divisor ¢(X, Y, Z) symmetric with respect to X, Y, 
Z, and we have? = 0. As 9, like F itself, is necessarily of the first degree in Z, 
it is linear in the three variables and we have a relation such as 


(3) A+ XYZ+ BAXY+ YZ+ ZX)+ C(X+Y+2)+D=0, 


A, B, C being coefficients still to be determined. 

If the arguments are changed in sign, X, Y, Z are changed into their conju- 
gates, and (3) is still satisfied. Hence A, B, C, D are real. As the conjugates 
are also the reciprocals in this case, coefficients in (3) equidistant from the 
extremes can differ only in sign. 


Hence D = kA,C = kB,k = +1. But forz = y = 7/2, we havez = — 7, 
X= Y=i,Z=-—1. Therefore, 


k) + 1— %+ k(2i — 1)) = 0. 
Equating to zero real and complex parts respectively, we obtain 
(1+ k)(A — B) = 0, (l— k)B=0. 
Hence, either: (a) k = + 1, A = B; or (b) k = — 1, B = 0, when we can take 


A=1. But if z=y=z=0, then X = Y= Z=1. Substituting in (3), 
we have 


(A + 3B)(1+ k) = 0, 
which is incompatible with assumption (a). 


Hence k = — 1, B = 0, and therefore X YZ = 1, as was to be proved. 
Since 


X=cose+isinz, Y=cosy+isiny, 


| 
7 
| 
{ 


368 SAILING TO WINDWARD. 


we have 
(cos isin z) (cosy +isiny) = 1/Z= Z = cos(— « — y) — isin(— z— y) 
= cos (t+ y) + isin (x + y), 


which is De Moivre’s formula. From this the trigonometric addition or sub- 
traction formulas are easily derived in all their generality. 


SAILING TO WINDWARD. 
BY W. E. BYERLY, Harvard University. 


The problem of sailing to a windward goal is usually the simple problem 
of getting to windward. For, if we find the straight path of least time from the 
boat to a perpendicular to the wind’s direction, by tacking at the proper point we 
shall reach any goal in that perpendicular in the time it would take to reach the 
perpendicular had we continued on the original course. 

The velocity of the boat on any course is some function of 
6 depending on the model and sailing qualities of the boat, where 


® 6 is the angle which the course makes with the direction of the 
of wind, and we shall suppose this function given, and shall repre- 
A sent it by F(6). 


The time required to get the distance a to windward is the 
distance sailed, a sec 6, divided by the velocity, F(@), and we 
wish to make this time a minimum. 
Let wu = asec 6/F(6). Then 


du _ F(6) asec tan 6 — a sec 
[FOr = 0, where = 


or 


(1) F(@) tan 6 — F’(@) = 0. 


The solution of this equation will give us the angle which our course on each 
tack should make with the direction of the wind, whether we are using sails alone 
or sails and auxiliary motor. . 

In any concrete case equation (1) can be solved by “ trial and error ” with 
the aid of a three-place trigonometric table (preferably giving the angles in radians 
as well as in degrees) with sufficient accuracy for all practical purposes. 

The function F(6) ought to be determined by experiment for every boat, 
but as a first approximation, in the case of a sail boat, it may be taken as equal 
to k(@ — a), where a, “ the angle of repose,” is the angle with the direction of 
the wind within which the boat will not sail; an angle, by the way, that is very 
easily discovered by experimenting with the boat. 


| 
| 


SAILING TO WINDWARD. 369 


Equation (1) becomes k(@ — a) tan @ — k = Oor 
(2) 6—a=ctné. 


The @ found from this equation is the angular distance off the wind which we 
should sail in going to windward, and is evidently independent of the wind’s ve- 
locity. 

For a rather sluggish boat, for which @ is 30°, 6 is about 60°. 

Let us now suppose that the sail boat has a gasolene engine which can give 
her a velocity v. Then with sail and engine, F(6) = » + k(@ — a), and equa- 
tion (1) becomes [v + k(@ — a)] tan? — k= Oor 


(3) (0 a) = etn 8. 


Here @ is no longer the same for all breezes but k is easily determined by shutting 
off the motor and noting the speed on any convenient course, remembering that 
this speed must be k(@ — a). 

If a = 30°, v = 6, and k = 8, equation (3) gives about 45° for 0. 

We shall get to windward, then, under sail and gas combined, most rapidly 
if we keep the boat about four points off the wind. Can we perhaps do better 
by dropping sail and going dead to windward under gas alone? To get a mile 
to windward under sail and motor will take us (sec @)/[v-+ k(@ — a)] hours. 
Computing this value for @ = 45°, a = 30°, » = 6, and k= 8, we get 0.175 
hour. To get a mile to windward under gas takes 0.167 hour. 

The time required to get a mile to windward under gas on a course making 
the angle B with the wind is (sec 8)/v. This is less than 0.175 if 8 is less than 18°. 

Summing up, we see that if short-handed our “ sailing directions ”’ should read 
as follows: 

(a) For any goal lying in the angle whose vertex is at the boat and whose 
sides are inclined 18° to the wind’s direction, drop sail and head for the goal under 
gas alone. 

(b) For any goal between these lines and lines through the boat and inclined 
45° to the wind’s direction, tack under sail and gas, keeping four points off the 
wind on each tack. 

(c) For all other goals, go straight under sail and gas. 

For a second and much closer approximation, let.us assume that the velocity 
under sail is a(@ — a) + b(@ — a)*. In practice a and 6 can be determined from 
the observed speed on two courses, preferably chosen so that the angle @ — a 
is small. 

For sail alone F(6#) = a(@ — a) + 6(@— a)’, and equation (1) becomes 
[a(@ — a) + — a)’| tan = a + — a) or 


(4) (tno-=)@-a) +? 
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For an example, suppose as before that a = 30°, and suppose that the boat 
it found to make 2 knots when 6 — a is } and 3 knots when 6 — a is 4. 
We have 


a, b a,b 
Whence a = 10,b = — 8,b/a = — 0.8. Equation (4) gives (tan @ + 1.6)(@ — a) 
— 0.8(0 — a)* tan 0 = 1, and 
6 = 55° approximately. 


If we use sail and motor, F(6) = 1+ a(6 — a) + b(8 — a)*. Equation (3) 
becomes 
[v + — a) + b(6 — tan = a + — a) 


(5) (tan 0-2) 0) +2 | = 1. 


a 


or 


For our example, equation (5) becomes 
(tan @ + 1.6)(@ — a) + [0.6 — 0.8(@ — a)*] tan 6 = 1, 
6 = 41°.5 approximately. 
The best time for a mile to windward under sail and motor is 
(see 6) /[v + a(6 — a) + — 


or about 0.1738 hour. Under motor alone, in this time, the boat would go 1.043 
miles, and sec 1.043 is about 16°.5. 

Our sailing directions would be the same as in our first example, except that 
in (a) 18° would be changed to 16°.5, and in (b) 45° would be changed to 41°.5. 

Hitherto, we have supposed the crew short-handed, so that sail was neither 
raised nor lowered in transit. 

In a light wind where 8 is an angle of appreciable magnitude and we are 
aiming at a goal in the sector 6 — 8, we can do best by using sail and motor 


Q 


a 


part way and motor only the remainder of the way. Let us consider this new 
‘problem. Let @ and f have their old signification and let g be the angle which 


q 
? 
_4B b 
. 
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the course makes with the wind after we lower sail. Let P be the turning point 
and G be the goal. Then, since the whole time of transit is the time that it would 
take to go the distance OB + PG under motor, we must choose ¢ so that this 
distance shall be a minimum. 


2 (a tan @ — b) cos 0 
sn(@—¢) 


OB + PG = asec B — PG(cos ¢ sec B — 1). 


PG= OB = (a — PG cos ¢) sec B. 


This will be a minimum when PG cos ¢(sec 8 — sec ¢) is a maximum; and that 
will be the case when wu is a maximum if 


cos @ cos sec B — sec 


du (tan g — tan 9) sec tan + (sec B — sec ¢g) sec? 


0. 


(tan 9 — tan g) tan g = (sec B — sec ¢) sec ¢. 
tan @ tan g+ 1 = sec8 sec ¢. 
(6) cos g + tan @ sin g = sec B. 


¢ determined from equation (6) gives the bearing of the goal when the proper 
turning point is reached. 

If 6 = 45° and B = 18°, p= 3°. If 6 = 41°.5 and B = 16°.5, o = 3°—. 

If the yachtsman has patience and a soul that longs for accuracy he can 
amuse himself by trying a third approximation for F(@), namely, 


F(6) = a(@ — a) + (6 — a)? + c(6 — a)’. 


THE ACCELERATIONS OF THE POINTS OF A RIGID BODY. 
By PETER FIELD ann ALEXANDER ZIWET, University of Michigan. 
INTRODUCTION. 


It has long been known that, in plane motion, the acceleration field is com- 
pletely determined by the accelerations of any two points; and the point of zero 
acceleration, or “acceleration center,” for such a motion is discussed in most 
works on mechanics.1 The corresponding problems for three dimensions, that 
is, the determination of the acceleration field from the accelerations of three 
points and the construction of the acceleration center (or centers), are less widely 
known. Vector methods are particularly appropriate for their solution. They 


1Compare AMERICAN MatHematicaL Monraty, Vol. XXI, 1914, pp. 105-113. 
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bring out very clearly to what extent the instantaneous motion remains indeter- 
minate when the accelerations of three points are given, and lead to the enumera- 
tion of the various cases that may arise concerning the existence of points of zero 
acceleration. The dynamical interpretation of the result of Art. 20 would also 
appear to be noteworthy. 

For the determination of the central axis from the accelerations of three points 
compare J. PETERSEN, Kinematik, 1884, Art. 36, pp. 47-49, and R. MEHMkE, in 
Festschrift zur Feter des 50jaéhrigen Bestehens der technischen Hochschule Darm- 
stadt, p. 77. 


I. Vevociry. 
1. Let O, P, Q be any three non-collinear points of a rigid body and put 
The assumption that O, P, Q are different and not collinear gives 


The assumption of rigidity gives 


p’ = const., const., (gq — p)? = const. 


Differentiating with respect to the time we find: 
(1) PXp=0, @Xq=0, pxXat+qXp=0, 


where p, q are the velocities of P, Q, relative to O. 
If R be any fourth point of the body and we put R — O = r we have the 
additional rigidity conditions 
r’ = const., (r — p)* = const., (r — q)* = const., 


whence 
(2) rXr=0, rXpt+pxXr=0, rXq+qxXr=0. 


We proceed to prove that the velocities 0, P, Q of any three non-collinear points 
O, P, Q of a rigid body completely determine the velocities of all points of the body. 
2. Suppose first that p = 0 and q = 0 so that O, P, Q have equal velocities. 
Then by (2) 
*Xr=0, *Xp=0, *Xq=0. 


Now if r X p A q + 0 so that r, p, q can be taken as reference vectors for 
r the equations show that r= 0. If, however, r X p A q = 0 we can put 
r = ap + bq, whence r = ap + bq = 0, as before. Hence if any three non- 
collinear points have equal velocities the velocities of all points are equal. The 
instantaneous motion in this case is called a translation. 

3. Suppose next that p = 0, g + 0. The conditions (1) and (2) reduce to 


qXq=0, qXp=0, rXr=0, rXp=0, rXqt+qXr=0.. 


| | 
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As by the first two conditions g is normal to both g and p we can put 
g=kp Aq. The last equation then becomes r X q+kpAqXr=0,i. ¢., 
(r + kr A p) X q = 0; the last three equations can therefore be written in the 
form 


(+hkrAp)Xp=0, 
hence, ifr X p A q + 0: 
r=kpAr; 


if r X p A q = 0 we can again put r = ap + bq, whence r = bg = bkp A q 
= kp A (r—ap)=kp Ar. Thus, if P+Q, there exists a vector 
u = kp, parallel to OP, such that the velocity of every point R can be derived 
from it by the formula 


r=ouAr. 
The scalar & is determined by observing that gq = kp A q whence 
mod q 
~ mod p+ mod q sin (p, q)* 


4. Finally, suppose that p + 0 and q +0. It can be shown that in this 
ease, too, there exists a vector w such that 


whatever the point R. For, as the vector w is to satisfy the conditions 
P=wAp, q=waq, 
it must be normal to both p and q; it must therefore be of the form 
w= kp A q. 


To determine k we have only to substitute this value of w in the two preceding 
equations. Owing to the first two of (1) we find 


p=k(pAq) Ap=—kaXp-pP, 
q=kpAgGdAq= kpXa-q; 


and owing to the third of (1) these equations give the same value for k, viz., 


‘ 
The vector 
PAq 
3 mw 
(8) 


gives therefore p = w A pandg=w Aq. That it also gives 
(4) r=w//r, 


L 
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whatever R, appears by putting R — 0 = r = ap+ bq + cp A q, whence 
=awA p)Aqt+tpdA q)] 
=aw p+bwAqt+cw dA (pA q) 
=w 


It is thus proved that the velocities of all points of the body can be found from those 
of any three non-collinear points. 

5. The velocities R, S of two points R, S are equal ifr=s,i.¢,ifwAr 
= w / 8s, whence w A (r—s)=0. It follows that all points of any line 
parallel to w have equal velocities. This shows that the case of Art. 3, where 
two of the given velocities were assumed equal, is no less general than that of 
Art. 4; but the case of Art. 3 suggests more directly the introduction of the 
auxiliary vectors u and w. 

In general, there is no point of zero velocity. But if such a point exists, say 
O, then all points of the line / through 0, parallel to w, have zero velocity, and 
the velocity R = r = w A r of every other point R is normal to w and r and in 
magnitude proportional to the distance of R from 1. The instantaneous motion 
in this case is called a rotation; the line / is called the axis, the vector w the 
angular velocity, of the rotation. 

6. Even in the general case the vector w may be called the angular velocity. . 
The instantaneous motion is completely determined by the angular velocity w 
and the linear velocity O of any one point. For then the velocity of every point 
RB is, by (4): 

R='O0+war. 
II. ACCELERATION. 
7. Differentiating the equations p = w /A.p and gq = w A q we find: 
wap), 
G=WAqtwAq=WAqtwaA q). 
These equations are not linear in w. Eliminating w we have: 
PX p=w (wd p) X p= (wX p)’ — w*p’, 
(5’) GXq=wA (wAq)Xq= (wX w'@’, 


If in the trihedral formed by p, q, w at O (Fig. 1) we denote the face angles 
(p, 9), (p, w), (q, w) by a, b, c and the dihedral angle at w by a, and if we put 


i] 
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for the sake of brevity 
PXP qX4q 
— = B, = 6, 


the equations become 


(6) w’sin?b = B, w*sin?ec = C, w*sinbsine cosa= A, 


whence 


(7) 


cos NBC’ 


When the accelerations of the three points 0, P, Q are given, the quantities 
A,B,C canbefound. But the vector w is not uniquely determined: its extremity 
W (Fig. 1) may lie on either side of the plane OPQ, and the sense of w remains 
indeterminate. Thus there are four distinct solutions. 


Moreover, the accelerations 0, P, @ cannot be arbitrarily prescribed. To 
obtain a real w it is necessary that A? = BC, i. e., 


8. Suppose, in particular, that the points 0, P, Q are such that p and q are 
rectangular unit vectors and put 


w= wip+ wq+ wp A q, 


so that wi, we, ws are the rectangular coordinates of w with respect to p,q, p A q. 
If, moreover, 71, Po, P3 and qi, g2, gs are the coordinates of p and qg with respect 
to the same reference set, the equations (5’) become 


(8) we + wr = — py, + = — = H. 
These equations give 


where the sign of the square root has been selected so as to make w; and 1 real. 
For ws; we find: 


(9) 


we = — — we = —@— = — 


2 
(BE), 


which is the condition at the end of Art. 7. 


Hence 1; is real only if 


P Ww 

a 

Q 

2 mod p- mod q 

| Fig. 1. 
= 
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9. To express w in terms of O, P, Q, and w we may either differentiate (3) or 
observe that, referring w to p, g, w, we must have: 


Now by (5) ; 
pA wXw=-—pXuy, 


:pXq; 
hence 


(10) 


The vector w.may be called the angular acceleration. 
10. Acceleration of any point R. Putting, as in Art. 4, 


Aq, 
apt q). 
It may be observed that the acceleration of every point of the plane OPQ is 
given by 
= ap + bq; 


i. e., it is determined completely by the accelerations 0, P, Q, of any three non- 
collinear points of this plane. But the acceleration of any point R not in this 
plane depends in addition, on the vector p A gq = pX q-w. 

On the other hand, the relation (4) gives 


(11) F=wArtwA  (wArn); 


t. €., the acceleration R of every point R is determined by the vectors w, w and 
the acceleration O of any one point 0. 


we have 


III. CENTER oF ACCELERATION. 


11. To see whether a point R of zero acceleration (or a center of acceleration) 
exists, let us first assume that w X w A (w A w) + 0, 7. ¢., - A w)? + 0, so 
that we can put 

R-O=r=aw+ bw+ cw A w. 


We then have to determine a, b, c so as to make R = 0, i. e., by (11), 
Substituting for r its value we obtain the condition: 


O+aw A wt+ew A (wA w)+bw A (wA wd) — cw? -w A w=0. 


ad 


m) 
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Multiplying by X w, X w, X (w A w) we find for a, b, ¢ the conditions: 
0X w+cw A (w A wd) X w= 0, 
OX w+ bw A (wA Xw=0, 


OX w A w— A w)?— cu’ - (w A w)? = 0,: 

whence 
_OXwAwt+0xXw-w 
(w A w)? 


~~~ wAw)? 


b 


The acceleration center is therefore given by the equation 
(12) (WA w)r=0X (WA 


This equation shows that whenever w A w + 0 there exists one and only one 
acceleration center; if in particular 0 = 0, 0 is the center. 
_ 12. It remains to discuss the cases when w A w= 0. We first assume 
O + 0. 

Suppose O + 0, w + 0, w+ 0, wA w= 0. We then have w = kw, 
where k + 0, and the condition for R to have zero acceleration becomes 


O+kwArtwa (wAr)=0. 


Multiplying by w X we find w X 0 = 0 as a first necessary condition for the 
existence of an acceleration center in this case. 


It follows that w A O + 0 so that we can put r= aw+ b0 + ew A O; 
substituting this value we find if w X 0 = 0: 


[1 — (ke + b)w?]O + (bk — cw*)w A 0 = 0, 
(ke-+b)w?=1, kb =cw*, 


1 k 
°° 0%’ 
while a remains indeterminate. Thus, if 0 + 0, w + 0, _w +0, while w is 
parallel to w, there is no point of zero acceleration unless O is normal to w; if 
w X O = 0, every point of the line 


whence 


1 k 
R= O+ aw + O+ 9, 


and no other point, has zero acceleration. 
(b) Under the same conditions, except that w = 0, there is no acceleration center 
of w X O + 0; if w X O = 0, the points of the line 


R= 0+ 


have zero acceleration. 


- 
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(ce) If 0 + 0,w = 0, + Owe have R = + w A r; hence a first condition 
is w X 0 = 0. We can therefore put r = aw + b0 + cw A O so that 


R= 0+ bw A cw*-0 = 0; 
hence 


1 
b=0, 
while a is arbitrary. Thus, if O+ 0, w= 0, w + 0 there is no acceleration 
center if w X O + 0; if w is normal to O all points of the line 


R=O+ab+ 0 
have zero acceleration. 
(d) If 0 + 0, w = 0, w = 0 there is evidently no point of zero acceleration. 
13. Next suppose 0 = 0andw A w=0. Then we have the following cases: 


(ec) w+0,w +0. As w= kw, where k + 0, the condition for R to have 
zero acceleration is 


0O=kwAr+wA 


Hence in this case every point of the line through O parallel to w has zero acceleration. 
(f) w+ 0,w=0. The result is evidently the same. 
(9) w=0,0+0. AsR=w Ar, every point of the line through O parallel 
to w has zero acceleration. 


(kh) w=0,HW=0. As R= 0, every point has zero acceleration. 


IV. AppPLicaTIONs. 


14. Example I: Projectile whose axis of spin is permanent. Let O be the 
centroid; as w = 0 we have case (6) of Art. 12. Hence there is no point of zero 
acceleration unless w X O = 0. 

Suppose this condition satisfied. Let Oo be the initial position of the centroid; 
jo, Ro unit vectors, jo horizontal and at right angles to w, ko vertical downwards. 
Then, if %, 2%, 13 are the codrdinates of the velocity of O along w, jo, Ro, the position 
of the centroid at the time ¢ is O = Oo + vitw + mtjo + (vst + 3gt”)ko; hence 


R = Oo + + ratio + (tot + aw + 


This is, for a constant ¢, the line whose points have zero accelerations. For ¢ 
as a variable parameter, the same equation represents the ruled surface whose 
generators are those lines of space which in the course of time come to have this 
property. Thus, the locus in space of all those points that have zero acceleration 
is a parabolic cylinder. 

To obtain the locus, in the body, of these lines, let 7, Rk be unit vectors fixed 


- 
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in the body and initially coinciding with jo, ko. Then we have for any point S$ 
of the body: 


= 0+ aw + sin wt - + cos wt - k, 


where g = mod g, w= modw. The surface is a circular cylinder. 

‘15. Example II: Homogeneous circular disk rolling down an inclined plane, 
starting from rest. 

Let O be the position of the centroid at the time ¢. We have w + 0, w + 0, 
w A w= 0; 1%. e., we have case (a) of Art. 12, with wx O=0. Hence, if Oo 
is the initial position of the centroid, the points of zero acceleration are given 
by the equation 


If we put 


0 = uo, 0o = w= atwo, k= 


the equation becomes 


R= 0o -+- + + 1+ + a(1 ~ 


3 + ay 
= 00 + aatwy + + at + all + aft) Vo. 


This is the locus, in space, of the points of zero acceleration. To find the 
locus in the body let u, v be unit vectors fixed in the body and initially coinciding 
With uo, ¥. The angle made by u with up is $a,/”, and the equation of the locus is 


8 = + (tat X X 9-0) 


where 
X u=cosjaf, u= sin jae’, 
X v = cos 


16. Example III: Projectile whose momental ellipsoid at the centroid is an 
ellipsoid of revolution. 
This is the general case so that we have to use equation (12), viz., 


ee 0+ wr d+ ut- Gx wwt Ox 


n 
e k 
R= Oo+ (0 — Oo) + aw + + A O- 
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Taking for O the centroid (Fig. 2) we have 0 = g,0Xw=0,andwX w= 0; 
hence, denoting the moduli of w, w, g by w, w, g, and the constant angle made 
by w with g by 0, we have: ‘ 


R= 0+ (guid sin 0 + gw® cos — gw cos A 
This shows that the body locus is a circle while the space locus is a transcendental 
curve. : 
CENTRAL AXIS. 


17. At any given instant ¢, the locus of those points of the body whose velocity 
is parallel to w is called the instantaneous screw axis of the motion, or the central 
axis of the velocity field. Assuming w + 0, 7. ¢., assuming that the instantaneous 
motion is not a translation, it is readily shown that this locus is a straight line 
parallel to w. 


For, if the velocity R = 0 +w Ar of any point R of the body is to be 
parallel to w we must have R A w = 0, 7. ¢., 


ONw+(wAr) Aw=0. 
Putting r = aw + b0 + cw A O we find 
0A w+ [w A (0+ cw A 0)] Aw=0, 
0A 


Hence b = 0, c = 1/w’, while a remains arbitrary. The equation of the central 
axis at the time ¢ is therefore 


(13) R= 0+ aw+ zw 0. 


1. 


Every value of a gives a point R of the central axis; if Ro corresponds to a = 0, 
we have k — Ro = aw; i. ¢., the central axis is parallel to w. 

18. If in (13) the point O and the vectors w and 0 are given as functions of 
the time ¢, so that R becomes a function of the parameters a and t, this equation 
(13) represents the ruled surface formed by those lines of the body which in the 
course of time become central axes. 

To obtain the equation of the ruled surface formed by those lines of space 


| 
| 
| 
w 
oO 
wAw 
w 
Fia. 2. 


BOOK REVIEWS. 381 


ral 


which in the course of time become central axes, let 0; be a point fixed in space 
and O the velocity of that point of the body which at the time ¢ coincides with 0,. 
Then the required equation is 


(14) R= 0, + aw+—w 0. 


19. By (14), the velocity of any point R of the central axis is 


R= ad +5( A 6). 


The ruled surface (14) is developable, 7. ¢., the motion of the central axis is a 
pure rotation, if the velocity R is parallel to the plane of the vectors w and w, 
i.e. if RX w A w=0. The condition for the surface (14) to be developable 
is therefore 
dl 

A 6)xwA w= 0, 
1. @., 
(15) 


20. This equation contains O only in the combination 0 X (w A w) A w; 
i. @., if O be resolved along the rectangular vectors w,w /\ w,andu=wA 
(w A w), the equation contains only the component of 0 along u. 

This fact has an interesting dynamical interpretation. Let 0 be the centroid, 
and let R, H be the vectors of the resultant force and couple for 0. Then our 
result means that, if the surface of the screw axes is to be developable, R must. 
have a fixed projection on u; in other words, all values of R that give a develop- 
able surface are such that, when drawn from 0, their extremities lie in a plane 
parallel to w and w A w. 


BOOK REVIEWS. 
SEND ALL COMMUNICATIONS TO W. H. Bussry, University of Minnesota. 


Contributions to the Founding of the Theory of Transfinite Numbers. By Grore 

Cantor. Translated and provided with an introduction and notes by PaILipe 

E. B. Jourpain. The Open Court Publishing Company, Chicago, 1915. 

ix+211 pages. 

The main purpose of this little volume, the first in the Open Court Series of 
Classics of Science and Philosophy, is to make accessible in English the two final 
papers of Georg Cantor on the theory of transfinite numbers, which embody the 
culmination of his researches on this subject, and which appeared in 1895 and 
1897 in the Mathematische Annalen (Vols. 46 and 49). In order to give a proper 
setting to these two papers, the translator precedes them by an introduction of 
about 80 pages, in which he sketches briefly the progress of ideas which lead up to 
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these researches and results. A brief note collecting some of the chief develop- 
ments which have been made in this theory since that time, brings the volume to a 
close. 

In the introduction, we find some brief indications of the genesis of the 
modern conception of function, out of the consideration of the problem of the 
vibrating string and the theory of Fourier series. This is followed by a sketch of 
Weierstrass’s theory of irrational numbers, in so far as Weierstrass probably 
exerted a most potent influence on Cantor. The main section of the introduction, 
however, is devoted to a résumé of the chief results obtained by Cantor in his 
researches preceding the papers translated. Beginning with his investigations 
in the theory of Fourier series, we are shown how Cantor was led to a closer study 
of point sets, on the one hand in the direction of their “‘ Maechtigkeit ” or power, 
and on the other to the consideration of their derivatives of various orders, the 
latter culminating in the notion of transfinite ordinal numbers. 

The desirability of such an historical introduction is of course apparent. 
Aside from its value in preparing one for the papers which form the central portion 
of the book, it is always an interesting matter to trace the development of an 
idea, to go behind the scenes, so to speak, and see how a bit of investigation gradu- 
ally assumes a final form. It is therefore very much to be regretted that our 
author in his attempts to be brief is not always perfectly clear. For instance 
his exposition of Weierstrass’s theory of irrational numbers, on pages 18 and 19, 
would appeal to one who is not thoroughly conversant with the theory in question 
as a hopeless conglomeration of aggregates, sums, numerical quantities, and other 
elements. A simple illustration would probably have served the purpose much 
better than this attempt at generality without definiteness. Later on, in Section 
VII, page 52 and following, in the résumé of Cantor’s 1883 Grundlagen, much 
would have been gained in clearness if the author had followed Cantor’s original 
article a little more closely. In particular, the meaning of the word “Anzahl,” 
which is translated enumeral, and seems to lead to confusion in the mind of the 
author, would have been perfectly clear at the outset as referring particularly to 
arrangement, rather than to “ Maechtigkeit ” or power. As it is, only after it 
has been used repeatedly and frequently do we really get any inkling as to the 
meaning to be assigned to the term enumeral. Of other sections which might 
well be improved, we might note the discussion of DuBois Reymond’s work on 
point sets, on page 34; and the proof that the totality of real numbers is not 
enumerable on page 39. 

To give the contents of the papers translated is hardly within the province of 
this review. Briefly, they contain the developments of the notion of cardinal 
number, that is, the power of a set, and the laws governing the usual algebraic 
processes as applied to them. A similar treatment is given for the ordinal 
numbers. The second of the two papers concerns itself mainly with well-ordered 
sets. The translation, considered as a whole, is fairly well done. Occasional 
passages to be sure are reminiscent of the German idiom, and perhaps too literal. 
For instance, the statement of Theorem H on page 147 is ambiguous as a result 
of sticking too closely to the German text. 
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In its general makeup and appearance, we think the book commendable. 
As a personal opinion, we feel that it would have tended towards clarity if the 
translator had followed Cantor in italicizing the theorems. Further, we find 
the printing of the page numbers of the original papers in the text in bold-faced 
type somewhat disconcerting. They might well have been relegated to the 
margin and a smaller size of type used. Of misprints, which are liable to cause 
ambiguity, we note: on page 147, line 14, D ought to be replaced by G; and in 
line 21, F ought to be replaced by f. 

As a contribution to the history of transfinite numbers, and in making the 
main two papers on the foundations of these numbers accessible in English, we 
think this little volume is worthy of consideration. As an introduction to the 
subject, however, it cannot be unqualifiedly recommended. 


T. H. 


Tue University oF MICHIGAN. 


Solid Geometry. By Soputa Foster Ricuarpson. Ginn and Co., Boston, 1914. 

v + 209 pages. 

In applying to Professor Richardson’s solid geometry the severe test of class- 
room use, it has been evident that the book possesses many excellent qualities. 
The use of a single letter to denote a line or a plane and the names skew lines, 
pencil of lines, pencil of planes, bundle of lines, bundle of planes have tended 
to make the work concise and the class demonstrations easy to follow. The 
first chapter contains more theorems than is usual in books on solid geometry. 
It provides a good drill in the more simple propositions that fix the concepts of 
perpendicularity and parallelism in space. A feature of interest to the student 
is the illustration of the principle of duality in several theorems differing only in 
the interchange of the words line and plane. Throughout the book there is an 
abundance of valuable and interesting exercises. However in many of the 
demonstrations a part of the work might well have been left for the student 
to supply. 

The typographical errors are few, and in no instances misleading. The 
treatment of the incommensurable cases based on the Dedekind-Cantor theory 
of irrational numbers, presented in the appendix, is doubtless rigorous, but its 
advantages over the more ordinary methods have not been evident, since other- 
wise the work could be made much shorter and as rigorous as can be appreciated 
by first year college students. The propositions leading up to the determination 
of the surface and the volume of a sphere seem unnecessarily long and so involved 
that it becomes an arduous task even to quote them. 

The formula for the volume of any parallelopiped is developed in two theorems, 
thus eliminating the celebrated “devil’s coffin.” This ruthless vandalism is 
regretted perhaps more by the expectant freshman, who has heard of its fame, 
than by the instructor, who has become calloused to its fearful and wonderful 
construction. 

Taking everything into consideration it would seem that Professor Richardson 
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has written a book in advance of many text-books in solid geometry, and one 
adapted to students somewhat more mature than those of high school grade. 
LenniE P. CoPELAND. 


We CoLiecs, 
WELLESLEY, Mass. 


L’Opera “De Corporibus Regularibus” di Pietro Franceschi detto della Francesca 
usurpata da Fra Luca Pacioli (con dodici tavole). Memoria di G. Mancini. 
Reale Accademia dei Lincei (anno CCCXII, 1915), Serie Quinta, Volume XIV, 
Fascicolo VII®. Pp. 437-580; reprint, pp. 1-144. 

During the renaissance there were two noted Italian artists who were also 
mathematicians. Both were in personal touch with the mathematical oracle of 
that day, Luca Pacioli. The two artists were Leonardo da Vinci and Pier della 
a Francesca. Recently the mathematical achievements of both of these artists 
oe have been subjected to re-examination! That Pacioli used a posthumous 
manuscript of Pier della Francesca without giving him due credit was affirmed 
by early writers on Pier della Francesca,’ but denied by two later biographers of 
Pacioli.2 This question was re-opened by G. Pittarelli* at the International 
Mathematical Congress held in Rome in 1908, who asserted that parts of Pacioli’s 
Divina proportione (1509) were taken from a Vatican manuscript written by 
Pier della Francesca. This matter is re-investigated in the monograph under 
|) review, in which the Pier della Francesca manuscript, “De Corporibus Regu- 

- laribus,” is published, with extensive comments. While Pacioli’s guilt seems now 
definitely established, it appears also from the history of the time that usurpa- 

tions of this character were not uncommon. Thus, Pacioli’s great compatriots 
Tartaglia and Cardan are both open to this charge. Gerolamo Mancini’s 
monograph establishes Pier della Francesca’s place in the history of the regular 
solids and also in the advancement of the theory of perspective. From the 
drawings it appears that Pier della Francesca was a skilled draftsman. His 
exposition of problems on areas is almost wholly rhetorical. Mancini’s bio- 
graphical and critical parts of the monograph constitute a valuable contribution 
to the history of early Italian mathematics. 


CaJorI. 


Cotorapo CoLLEGE, 
Coxorapo Springs, Coro. 


1See P. Duhem, Etudes sur Léonard de Vinci, Paris, 1906. 

2 Vasari, Vita di Pier della Francesca, Firenze, 1550, 1568. Egnatio Danti, Commentari 
alle due Regole di prospettiva di I. Barozzi, about 1575. 

8 Elogio di fra Luca Pacioli, Scritti inediti del P. D. Cossali, pubblicati da B. Boncompagni. 
Roma, 1857. H. Staigmiiller, Lucas Paciuolo, eine biographische Skizze (Zeitschr. f. Math. u, 
Phys., Bd. XXXIV, 1889). 
4G. Pittarelli in Atti del IV. Congresso dei matematici, tom. III, Roma, 1909. 
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PROBLEMS AND SOLUTIONS. 
Eprrep By B. F. anv R. P. Baker. 
[Send all Communications to B. F. FINKEL, Springfield, Mo.] 
PROBLEMS FOR SOLUTION. | 


ALGEBRA. 

471. Proposed by E. T. BELL, University of Washington. 
n 

If there is an infinite number of positive integers r for which the equation A” = 2," 


holds, where the a; and 5; are given positive integers, prove that m = n, and that in some order 
the a; are identical with the b;. 


472. Proposed by E. T. BELL, University of Washington. 
n m 
If a; and b; = 1, --+, n; = 1, «++, m) denote positive integers, and if A az = 3, b; 


for all odd positive integral values of r, prove that m = n, and that in some order the a; are 
identical with the bj. 


GEOMETRY. 
503. Proposed by J. W. CLAWSON, Ursinus College, Penn. 


If two points A and B invert with respect to a third point O as center of inversion into A’ 
and B’, the middle point of the segment AB inverts into the point other than where the circle 
of Apollonius (the locus of a point P moving so that A’P/PB’ = A’O/OB’) cuts the circle OA’B’. 

504. Proposed by NATHAN ALTSHILLER, University of Oklahoma. 


The base of a variable triangle is fixed, the opposite vertex describing a given line. Find 
the envelop of the side of the pedal triangle opposite the moving vertex. 


CALCULUS. 
419. Proposed by C. C. YEN, Tangshan, North China. 

Find the entire area of the surface 2? + 42% + 24 = q?f, 
420. Proposed by W. J. GREENSTREET, Stroud, England. 


The join of the center of curvature of a curve to the origin is at an angle a to the initial line. 
Prove that with the usual notation, 


(ae) + (ae) | 


MECHANICS. 
336. Proposed by C. N. SCHMALL, New York City. 


An inclined plane, length 1, makes an angle ¢(< 2/4) with the horizontal plane through its 
foot. From its foot, a body is projected upward along the plane, with a velocity equal to that of 
a falling body at the height h, so as to pass over the top and strike the horizontal plane at the 
maximum 'distancez from the foot of the inclined plane. Show by the methods of the calculus 
that x = h/sin ¢ cos ¢, and that the corresponding value of / is 2h cot 2¢/cos ¢. 


337. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


Assuming that a train may be accelerated by the application of a force equal to 1/40 of its 
gross weight and be braked with a force equal to 1/10 of its gross weight, show that the least 
time in which it may run from one to another of two stopping stations 5,000 feet apart is 2 minutes 
and 5 seconds. Also find the greatest speed during the run to be 54-6/11 miles per hour. 
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NUMBER THEORY. 

255. Proposed by FRANK IRWIN, University of California. 

Given any arithmetical progression whose first term a and common difference d are relatively 
prime integers, and any finite set of positive integers m1, mz, «++ also relatively prime to d, it is 
required to determine an integer n such that the multiples of m, ms, --- may occupy the same 
positions in the series of natural numbers beginning with n as they do in the arithmetical pro- 
gression. This is to say that if the kth, the (m+ k)th, the (2m, + k)th, -+- terms of the 
progression are divisible by ™m, so also will be the kth, the (m + k)th, the (2m, + k)th, --- 
terms of the series n, n + 1, n + 2, «++, etc. Show that n may be determined as the solution 
of a congruence An + B =0 (mod C), whcse coefficients, A, B, are constants independent of 
the number and value of the m’s. 


256. Proposed by FRANK IRWIN, University of California. 
Let p be an odd prime, and let the notation 1/k stand for the solution of kx = 1 (mod p). 
Then show that if the sum of the numbers 
2° 3° (p 1) /2 
be congruent to zero (mod p)—should that be possible—the same is true for the sum of their 
products two at a time, as well as four at a time. 


1 


SOLUTIONS OF PROBLEMS. 


ATGEBRA. 


A solution of 450 was received from G. Y. Sosnow and one of 454 from J. J. 
GinsBurG which have not been acknowledged. 


458. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 
Show that n terms of the series 1°+3+4+6+7+9+10+ is +1)(8n — 1) 
when n is odd, and 3 (+ + 1) when n is even. 


Sotution By Gro. W. Hamline University. 


This series is a combination of two arithmetical progressions 3 +6+9+--+ and1+4 
+7+10+---. 
When n is even, the first becomes 


+3) 
and the second, 
144474104 (3n—-2) =2(3n-1), 
The sum of these two is 


i +8) (3041). 
When n is odd, the first becomes 
and the second, 


(B45), 
The sum of these two is 


=F Gn! + 2n — 1) =F (n + 1). 
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Also solved by L. A. H. Warren, W. C. Eetis, Gzorce Paaswe t, E. H. 
Worrtuineton, Horace Otson, G. L. Wacar, H. N. Carteton, E. J. OGiessy, 
H. C. Feemster, Bens. Srnitsscy, W. J. Taome, C. C. Yen, R. M. Matuews, 
E. F. Canapy, N. P. Panpya, J. J. Grnspure, O. S. Apams, A. M. Harpine, 
and Pau Capron. 

GEOMETRY. 
485. Proposed by NATHAN ALTSHILLER, University of Colorado. 


Find the surface generated by the orthogonal projection of a given line upon a variable plane 
turning about a fixed axis. 


I. Soxution py Swirt, University of Vermont. 


Take the fixed axis as X-axis, and the common perpendicular of this line and the given line 
as Z-axis. Call the angle @ made by the line we are projecting and the X-axis, so that the given 
line has the direction cosines cos 0, sin 0, 0; let the codrdinates of the point where this line inter- 
sects the Z-axis be (0,0, a). Then the equation of the variable plane may be written in the form 

(A) y — Xz = 0, where J is a parameter. 

The equation of any plane through the given line may be written in the form 

(B) sin 6x — cos dy + k(z — a) = 0, where k is an arbitrary constant. 

If (B) is perpendicular to (A), k must equal — cos @/A. Substituting this value for k in (B), (A) 
and (B) give the required equation in parameter form. Eliminating \, we obtain the explicit 
equation 

tan = y? + 2 — az. 


Rotating the axes through an angle 6/2 about the Z-axis, and changing the origin to the point 
(0, 0, a/2), the equation finally becomes 


1 — cos 0 ve 1 + cos 6 a oo 


which is the equation of a hyperboloid of one sheet. 


II. By THE PROPOSER. 


The orthogonal projection u of a given line p upon a plane 8 passing through a given axis q, 
may be obtained as the intersection of 8 with the plane a perpendicular to 8 and passing through 
p. When the plane @ turns about q, the projecting plane a turns about p; to each position of 8 
corresponds one and only one position of a, and vice versa. The line w is, therefore, the inter- 
section of two corresponding planes a, 8 of two projective pencils (p’,f(q). 

I. The lines p, g are coplanar. The line u generates a cone of second degree (C), of which p, q 
are elements. 

The tangent planes to (C) along p and q are the planes perpendicular to the plane (pq) and 
passing through the lines p and gq respectively. The line of intersection of these tangent planes 
is perpendicular to (pq) and is the polar ray of this plane with respect to (C). Hence: The plane 
of the two given lines is a plane of symmetry of the cone. 

The orthogonal projection P’ of any point P of p upon the plane £ lies on the line u and in the 
plane x through P perpendicular to g. When £ varies, P’ describes, in the plane 7, a circle having 
for diameter the segment joining P to the point of intersection of x with g. This circle is the curve 
of intersection of (C) with the plane +. Similarly for the orthogonal projection Q’ of any point 
Q of g upon a. Hence: The planes perpendicular to the given lines are the planes of the circular 
sections of the cone. 

This cone is sometimes called the Orthogonal cone (Theodor Reye, Geometrie der Lage, part I, 
p. 119, fifth edition). 

If the given lines p, g are parallel, the cone becomes a cylinder of revolution. 

II. The lines p, g are skew. The line u generates a hyperboloid of one sheet (H), of which p, 
q are two rays of the same system. 

The planes perpendicular to the given lines are the planes of circular sections of the hyperboloid. 
Same proof as for the cone above. 
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If the two pencils of planes (p), (g) be transported parallel to themselves so as to have their 
axes p, g pass through the center of (H), they will generate the asymptotic cone of the surface. 
Hence: The asymptotic cone of the hyperboloid is orthogonal. 

This hyperboloid is sometimes called the Orthogonal hyperboloid (Salmon, Analytic Geometry 
of Three Dimensions, Vol. I, p. 116, fifth edition). 

RemMarkK.—From the method of construction of the line u it follows that the cone (C) (or the 
hyperboloid) is also the surface generated by the orthogonal projection of the line g upon a variable 
plane turning about the axis p. 

The reader may consider the special cases when (1) the given lines are perpendicular to each 
other; (2) one or both of the given lines are at infinity. 


Also solved by H. C. FEEMSTER, G. W. HartwE Lt, and Frank H. Loup. 


486. Proposed by ARON INGVALE, Brooklyn, N. Y. 


Does the following construction trisect an angle? With the vertex, O, of the given angle 

as center and with a radius R, describe a circle intersecting the sides of the given angle in A and B. 

With a radius ?R, and center O’ on OA, describe a circle tangent to the other circle at A and cut- 

ting the other side of the angle at ZH. At E draw a tangent to the last circle and produce it to 
meet the first circle at F. Draw FO. Then is angle BOF one-third of the angle BOA? 

Remark. Though the construction does not, of course, lead to the trisection of an angle 

in general, yet as a first approximation it is very good. This fact together with the fact that the 

construction is very simple, and that the proposer’s demonstration that it does trisect the angle 

is very illusive, are the reasons for giving the problem a place in the Monraty. » 

DITORS. 


SOLUTION BY THE PROPOSER. 


Let OG bisect 2 AOF. Extend FO and GO till they meet the original circle at J and J 
respectively. Also extend BO to H. Draw FC and AI, which for obvious reasons are parallel 
to each other and to GJ. : 


Then draw FP and IR each parallel to BH and prove 2 BJG = Z FIA as follows: 

A BOJ is isosceles and since CF || JG, therefore A KEB is also isosceles. But A KEB is 
similar to A FNI because their sides are respectively parallel. 

Hence A FN1 is isosceles and also A IMF to which it is congruent. 

Hence 4 CFI = 7 IFP = Zz BJG = Z FIA, from which follows 2 BOF = 2 GOF. But 
since Z GOF was constructed equal to 2 AOC, it follows that 7 AOB is trisected. 

Note.—The fallacy in this proof has been pointed out to Mr. Ingvale and he admits his error, 
but it is left as an exercise to others to show that the method applies to a right angle or a straight 
angle but fails in general. Eprrors. 


CALCULUS. 
403. Proposed by C. N. SCHMALL, New York City. 


A paraboloid of revolution generated by the curve 2? = 4ay, contains a quantity of water 
such that if a sphere of radius r be dropped to the bottom, it will just be covered by the water. 
Show that if the volume of water used in this experiment is to be a minimum, then we must have 
a=r/6. 
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Soturion By H. S. Unter, Yale University. 


Since the surfaces are figures of revolution we may confine our attention to a parabola with 
its axis vertical and a co-planar circle whose center lies in this axis. Let the codrdinates of the 
center of the circle be (0, h). The equation of the circle is 


e+ 
Elimination of z between this equation and z? = 4ay gives 
— 2(h — 2a)y — — = 0. 


In order that the sphere may touch the paraboloid the last equation must have equal roots, 
the necessary and sufficient condition being 


4(h — 2a)? + 4(r? — h?) = 0, or h = (r* + 4a?)/4a. 
The volume of the paraboloid up to the level h + r is given by 


h+r r 4 
ady = ydy = 2ra(h +1) = 


In general, therefore, the volume of the water is expressed by 


4 
Two cases now present themselves, namely, (i) a is kept constant while r varies, or (ii) r 


is fixed in value while a changes. 
Case (i) 


ov _ — a)? + 1la*r + 
or 2a 
Since this expression cannot vanish for any positive value of r the necessary condition for 
maxima and minima is not fulfilled, as is also apparent from general considerations. 


av _ +2a)%(6a — 
da 8a? 


and 
- [8a(r + 2a)? + (6a — r)(a — r)(r + 


When 6a —r = 0, the first and second derivatives become 0 and + 64zr, respectively. 
Consequently, when a = r/6 a minimum of volume is attained. It should be remarked, however, 
that h = 5r/3 and h — r = 2r/3, so that the lowest point of the sphere is two-thirds of the radius 
above the vertex of the paraboloid; in other words, the sphere has not literally been “dropped 
to the bottom.” 

Also solved by A. W. F. A. Portier, Horace Otson, J. W. CLawson, 
C. A. Nickie, O. S. Apams, Capron, J. A. BuLtarp, Gro. W. HartwELL, 
J. A. Caparo, A. G. Rau, H. C. Feemster, and G. PAASWELL. 


404. Proposed by B. J. BROWN, Victor, Colorado. 
Solve the differential equation, (2? — y*)(1 + dy/dx) = 2xy(1 — dy/dz). 


SotutTion By H. L. Acarp, Williams College. 
The equation may be written, 
— + — y*)dy + — ydz = 0, 
which, after adding and subtracting x*dz and y*dy, becomes, 
— + — y)dy — + y*)(dz — dy) = 0. 
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Introducing the integrating factor (x — y)~?, we have, 


(x — y)(2adx + 2ydy) — (x* + y*)(dx — dy) 
(x — y)? 


= 0, 
which, upon integration, becomes 


=¢, or 2+y—c(z—y) =0. 


Also solved by A. W. Smita, Norman AnnING, J. W. Ciawson, J. A. Bute 
LARD, G. PAaswELL, O. S. Apams, Swirt, FrepericK Woop, Horace 
Otson, C. A. Barnuart, L. M. Corrin, G. W. Hartwe J. D. Bonn, A. G. 
Rav, C. A. Hutcuinson, CLARIBEL KENDALL, C.S. Arcuinson, J. W. CROMWELL, 
C. P. Soustey, J. A. Caparo, and Paut Capron. 

405. Proposed by CLIFFORD N. MILLS, Brookings, S. Dak. 

Determine the greatest quadrilateral which can be formed with the four given sides a, b, ¢, 


and d taken in order. 
Sotution By A. M. Harpine, University of Arkansas. 
In the quadrilateral ABCD, if AB = a, BC = b, CD = c, AD = d, we have 
| AC? = a? + b? — 2ab cos 6 = c? + d? — 2cd cos ¢. 


Hence, 
ab cos @ — ed (1) 
Also, area = jab sin 4 cdsin y. For a maximum or mini- 
D mum we must have 
? ab cos 6d0 + cd cos gdy = 0. (2) 
From (1) we obtain, by differentiation, 
A C 
— ab sin 6d0 + cd sin gdy = 0. (3) 
2 It follows from (2) and (3) that 
tang=—tand; = 180° (4) 
Therefore, 


Hence, the given quadrilateral will be a maximum when it can be inscribed in a circle. 
Note.—It is evident from the nature of the problem that it is necessary to consider only 
convex quadrilaterals, and that (4) gives a maximum and not a minimum. 


406. Proposed by C. N. SCHMALL, New York City. 


Given f(z +h) + f(x — h) =f(x)-f(h), determine by Taylor’s theorem or otherwise the 
nature of the function f. s 


SoLution By W. M. Carruts, Hamilton College, New York. 


Given 


+h) +f@ —h) = f(x) -f(h). (1) 
Put h = 0 in this equation. Then 2-f(x) = f(0)-f(x). Hence, either 
= 0, (2) 


e+y 
y 
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which is a trivial solution of the problem and will be ignored until the end of the discussion, or 
f0) = 2. (3) 
Changing the sign of h in (1) does not alter the left-hand member; hence, 
F(x) = f(x) -f(— h), 
or f(h) =f(—h). Differentiating this, f’(h) = — f’(— h); whence 
f'0) =0. (4) 


Differentiate (1) twice with respect to h. Then, f’(x +h) +f"(e —h) =f(z)-f’’(h). 
Putting A = 0 in this equation, we get 


2-f" =f" O) -f@). (5) 


Replace f’’(0), which is a constant, by + 2c?; and put y for f(x), and d?y/dz? for f’’(z). 
Although the prime was used to represent differentiation with respect to h, (5) is an identity and 
the change here to z is legitimate. (5) may now be written 


ey = 0. (6) 


Using the upper sign in (6), the solution may be written in the form y = A-cosh (cz + B), 
where A and B are constants to be determined. From (3) and (4) above, 
A-cosh B = 2, and Ac-sinh B = 0. 


Therefore, if c + 0, we have B = 0 and A = 2 (the values B = nwi, A = (— 1)"-2 are no more 
general than these). Hence, one solution of (1), which is easily verified, is 


f(x) = 2-cosh ex. (7) 


(The fact that (7), and (8) below, may be verified on substitution in (1) proves that the constant 
c is an arbitrary constant.) 
Using the lower sign in (6), the solution may be written in the form 


y = A-cos (cx + B). 
A-cos B = 2, and Ac-sin B = 0; 
B=0, and A#=2, 
Another solution of (1) is, therefore, 


As before, 


whence 


f(x) = 2-cos cz, (8) 


If c = Oin (6), we have the solution y = Ax + B. Here, from (3) and (4) as before, A = 0, 
and B = 2. But the solution f(z) = 2 is included in both (7) and (8), if c = 0 is permitted there. 

Collecting the results that have been given in (2), (7), and (8), we may say that the function 
f(z) defined by equation (1) must be equivalent to one of the forms 


0, 2-coshczr, 2-cos cz, 


where c is any real number. If imaginary values of c are permitted, the last two forms of f(z) 
are equivalent. 

If a solution by Maclaurin’s theorem rather than by differential equations is desired, the work 
following equation (5) above may take this form: 

Replace f’’(0), which is a constant, by + 2c’, and consider the primes to mean differentiation 
with respect to xz. Then (5) may be written 


= + f(z). 
Successive differentiation of this equation leads to the general result 


= + cf™(z), 
= FO). (6) 


or, if z = 0 be substituted, 


j 
; 
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From (4) and (6’), all the odd ordered derivatives of f(x) are zero when sx = 0. By successive 
applications of (6’) we have (since f’’(0) = = 2c?) 


Hence, by Maclaurin’s theorem, 
= 2 2c*x*/2! + + + 
= 2-cosh cz, or f(x) =2-coscz, 
to which solutions f(z) = 0 should be added as before. - 


Also solved by H. C. Fermster, Oscar S. Apams, Paut Capron, and the 
PROPOSER. 


This gives either 


MECHANICS. 


319. Proposed by LAENAS G. WELD, Pullman, Illinois. 
A hexagonal pencil lies upon the inclined top of a drawing table and is on the point of either 


rolling or sliding. Find the angle between its direction and the horizontal edge of the table, the 
coefficient of friction being yu. 


Sotution By H. S. UH er, Yale University. 


The condition for being on the verge of sliding is expressed by » = tana, where a denotes 
the angle between the table top and the horizontal and is sometimes called the ‘limiting angle of 
repose.” The proof of this relation seems superfluous in this place because it is given in prac- 
tically all text-books which are devoted in part or entirely to elementary mechanics, 

In order that the pencil may be on the point of rolling, it is obviously necessary and sufficient 
that the vertical line through the center of gravity intersect the lateral edge which is at the 
lowest level. In the diagram let AB and AC indicate respectively a horizontal line on the table 
top and the lowest lateral edge of the hexagonal prism. G marks the center of gravity which is 
assumed to lie in the geometric axis of the pencil. GJ denotes the vertical through G, that is, 


the line of action of the weight of the pencil which intersects the edge AC in the point I. GE and 
GF are perpendiculars dropped from G@ upon the edge AC and the table top, respectively. In 
other words, the plane EFG contains a right section of the prism passing through the center of 
gravity. Without quoting the well-known theorems of elementary geometry we see at once 
that 4 EFI =8, Z EGF =30°, £4 FGI =a, EFG= FEI = GFI = 90°. Conse- 
quently, FG/EF = cot 30° = V3, EF/FI = cos8, and FI/FG = tana. Multiplying these three 
equations together we obtain 1 = v3 cos 8 tan a, but tan a = u, hence 


1 
Remark.—Since the greatest value of a cosine is unity the least value of yu is equal to 
1/V3 = 0.57735 corresponding to a = 30° and 8 = 0°, as it should be. 
Also solved by W. J. Tome, M. R. BowERMAN, and GEorGE PAASWELL. 


~ 
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320. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


A heavy uniform chain of length / is hung over a rough horizontal cylinder of radiusr. Show 
that one end of the chain will be [2ur/(u? + 1)](e#* +1) +l(e™* — 1) units lower than the 
other, just when the chain begins to move, the coefficient of friction being yu. 


SoLuTion By Hoover, Columbus, Ohio. 


Let z = the longest part hanging down, and 1 — (xr + xz) = the shortest, @ being the angle 
which the radius through any point of the string makes with the vertical diameter and positive in 
the direction left to right; and 7’, 7’ the tensions at any points in those parts of the string to which 
andl — (xr +2) belong. Then if C be a constant, we have 


T = + 


usin + (1 — cos 6}, (1) 


by theory, » and 6 being both negative, the string being supposed to move in the direction of z. 
When @ = — 2/2, u = — yn, and T = zg, a unit of length of string weighing a unit, we have 


2, 
and (1) then becomes 
2, 
(2 — + 2u sin + (1 — yu?) cos 6}. (3) 
When @ = 0, ‘ 


which is the tension at the vertex. 
Again, T’ = 1 — (ar + 2), when 0 = 2/2, u = — yu; then 


2Qur 


or 
C= = | came, (5) 
Hence 2 
When 0 = 0, a 
T {1 ar 2+ 4 (7) 
For equilibrium, 7 = 7’, and then 
l—ar 2ur 
and 


(9) and (10) give the two vertical parts of the string, their difference being 


(em — + ar) + 


not agreeing with the required difference in the statement of the problem. 


Also solved with same result by Capron, Raupx E. Root, and Euan 
SwIirt. 
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NUMBER THEORY. 


217. (May, 1914.) Proposed by E. T. BELL, University of Washington. 

(i) If r is a prime greater than 2, and p = 2¢r + 1 is prime, the only solution, when n is 
greater than 2, of =p,isn = 3,7 =2,y =1. 

(ii) The only primes that are simultaneously of the forms 4k + 1 and 3" — 2™ are 1 and 5, 

(iii) Generalize (ii). 


SoLution By Frank Irwin, University of California. 


(i) Since x — y” is divisible by z — y, we must, if it is to be a. prime, have x — y = 1, or 
z=yt+1. 

Again, n must be a prime; for x*t — y** is divisible by x* — y*, and cannot, therefore, be 
& prime. 

Now 27 = ny + (9) 
so that 2¢r is divisible by ny, since n, being a prime, divides each of the binomial coefficients. 
Consequently we must have n = r (n is greater than 2 by hypothesis) and y a power of 2. 

But by writing 2¢r as 2" — (x — 1)" — 1, we may show, just as above, that z also is a 
power of 2. 

Now as x = y + 1, these results are consistent with each other only if y = 1, = 2. 

In this last case we have 2¢r + 1 = 2" — 1" = 2" — 1, sincen =r. Hence, 2%(2"-* — r) = 2, 
and, therefore, a = 1 and — r = 1, that is, 27>" =r +1; sothatr =n = 3. 

Gi) 3 2" = 2+ 1)" — = 4 + m2-+1, and can be of the 
form 4k + 1 only if m is even (unless m = 1, when 3" — 2” = 1). 

But if m is even, = 2n, say, 3" — 2™ = 9" — 4* and is therefore divisible by 9 — 4 or 5, 
the other factor being greater than 1, unless n = 1, and is, therefore, prime in this last case only. 

(iii) A parallel argument leads to the result that the only primes that are simultaneously 
of the forms a*k + 1 and (a + 1)™ — a™(a > 1) are 1 and, possibly, (a + 1)* —a*. This latter 
number may or may not be prime as the cases a = 3, 4 show. 


Also solved by Mary E. Carter. 


221. (September, 1914.) Proposed by T. E. MASON, Bloomington, Indiana. 
Find a number z such that the sum of the divisors of z is a perfect square. [CARMICHAEL, 
Theory of Numbers, p. 17.] 
Sotution By E. B. Escort, Kansas City, Mo. 


(1) Let x be prime. Then +1 =7°, or x = (r+1)(r —1). This is possible only if 
r = 2; otherwise, x is not prime. Hence, x = 8 satisfies the condition. 
(2) Let x = abc---, where a, b, c, --+ are different primes. Denoting the sum of the divisors 
of x by =z, 
= 


Forming a table of factors of a + 1, it is very easy to pick out products of two or more which 
shall be square, e. g., 


=z =z 
2.11 6 7.97 28? 
2.47 12? 
11.47 24? 

12% 
5.53 18? 2. 5.7 12? 
23.53 36? 242 
7.17 12? 5. 7.47 48? 
7.31 16? 2.13.41 422 


7.71 24? 5.67.101 204? 


. 
. . 
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(3) Corresponding to a factor a? in the number, we have in the sum of the divisors 1 + @ + a?, 
etc. By forming a table of 1 +a+ a’, 1+a-+ a? +a', --- we can find examples where the 
number contains square factors, cube factors, -:-. 

EXAMPLES: 


z =z =z 
72,112.5.13 798? 33.7.19 80? 
413.83 2436? 27.5.41 422 
4175.13 24362 
33.89 60? 


QUESTIONS AND DISCUSSIONS. 


SEND ALL comMuNiIcaATiIOoNs To U. G. MitcHeE., University of Kansas, Lawrence, Kans. 


REPLIES. 


31. What. are the actual courses now offered in colleges and universities in this country for 
the preparation of teachers (1) for secondary schools, (2) for colleges? The discussion may 
well lead to the consideration also of what courses should be offered for the preparation of teachers 
of mathematics (1) for secondary schools, and (2) for colleges. 


Repry sy U. G. University of Kansas. 


In the American Report, Committee No. V, of the International Commission 
on the Teaching of Mathematics, published in 1911, we find (pp. 5-6) these 
statements :! 

“Twenty years ago no professional training of university grade existed in this country to 
prepare teachers of mathematics for secondary schools. At that time the young teacher’s sole 
preparation for his work was the taking of as many academic courses as possible, plus, in some 
instances, a course on the history of education or some lectures on pedagogy. . . . About 15 years 
ago we find conditions throughout the country beginning to change in this respect. At least 
five different educational institutions had by this time (1895) established courses on the teaching 
of algebra and geometry, which, together with a course on general pedagogy, formed a certain 
professional training for high school teaching in mathematics. Up to 1900 only four other 
colleges are known to this committee to have added courses in the pedagogy of secondary mathe- 
matics to their programs. 

“The past 10 years have shown far greater interest in pedagogical matters and a much more 
rapid growth in courses of this kind. At present (1910) about 25 other colleges in addition to 
those above mentioned, have developed such courses.” 


The writer has just completed an examination of the most recent catalogs 
from a selected list of 100 colleges and universities to see how many of them 
are now offering courses especially designed for students preparing to teach 
mathematics. The result shows that the change referred to above is continuing. 
Fifty-three of the 100 institutions are offering one or more courses of the following 
four different classes: 

(1) Courses especially designed for teachers of secondary mathematics. Such 
courses were listed by 40 of the 100 institutions and were variously designated 
as “Teachers’ Course,” “Mathematical Methods,” “History and Teaching of 
Mathematics,” “'Teachers’ Course in Algebra and Geometry,” ete. In five 
cases “reviews of secondary mathematics with special attention to methods” 


1 Bulletin, 1911, No. 12, U. S. Bureau of Education (Washington, D. C.). 
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constituted a part or all of the course. In a considerable number of cases it was 
stated that courses in analytic geometry and calculus were prerequisites. The 
credit given for such courses varied from 1 to 6 hours. 

(2) Courses in practice teaching. In 6 of the 100 institutions students were 
offered opportunity to do actual teaching under the direction of supervisors in 
training schools. 

(3) Courses in the history of mathematics. Such courses were offered in 24 of 
the 100 institutions and, with a single exception, were given either two or three 
hours credit. Two institutions offered more than one such course. Nine of the 
institutions which gave no separate course in history of mathematics stated that 
a part of the time of the teachers’ course was devoted to history. Hence, some 
formal teaching in the history of mathematics was offered in at least 33 of the 
100 institutions. 

(4) Courses in the foundations of mathematics. Such courses were offered in 
8 of the 100 institutions. They were variously designated as “Fundamental 
Concepts of Mathematics,” “Fundamental Theorems of Algebra and Geometry,” 
“Foundations of Geometry,” etc., and were generally three-hour courses. 

The writer failed to find any courses which were said to be designed especially 
to prepare teachers of collegiate mathematics. It is quite possible, however, 
that some of the history and foundation courses have been established primarily 
for students who expect to become professors of mathematics. In this respect, 
the condition is practically the same as described by the American Report, 
Committee X, of the International Commission on the Teaching of Mathematics 
in the following language! (italics mine): 

“There is a universal feeling that courses in the pedagogy of mathematics are of very small 
advantage to the future college teacher. Those professors who are willing to see such courses 
introduced specify either that they should be in addition to all the present courses in mathematics 
and not a substitute for any purely mathematical subject, or that they should be introduced only 
to satisfy the imperative demands of the schools. 

“A wiser view seems to be that which argues that the college teacher can well afford to 
spend some time in learning the best methods of teaching, whatever his subject; and that a course 
in the pedagogy of mathematics will be of very great value to the teacher of mathematics when 
the graduate school or university shall have developed a course suited to his needs. There appears 
to be sufficient material at hand, and it is strange that no American institution has solved the problem 
of a course in mathematical pedagogy in such a manner as to appeal to the professor of mathematics.” 

As to what courses should be offered for the preparation of teachers of 
secondary mathematics, a considerable number of American institutions are now 
offering and, in large part, requiring, the following standard suggested as a 
minimum by Professor J. W. A. Young at the Cambridge meeting’ (1912) of the 
International Commission: 

(a) Trigonometry, college algebra, analytic geometry. 

(b) Surveying, or descriptive geometry, or elementary astronomy. 

(c) The a and integral calculus with applications to geometry, mechanics and 


physics 
(d) Modern geometry. 


1 Bulletin, 1911, No. 7, U. S. Bureau of Education (Washington, D. C.), pp. 23-4. 
2 See L’ Enseignement Mathématique for Nov. 15, 1912, p. 483. 
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(e) The elements of analytic mechanics. 

(f) The elements of theoretic and laboratory physics. 

(g) Algebra from a modern standpoint. 

(h) One or more courses introductory to important fields of modern mathematics. 

(¢) One or more courses on the history of mathematics. 

(j) One or more courses on the teaching of mathematics. 

At the university with which the writer is connected, a student majoring in 
mathematics is required to take before graduation at least 30 hours of work in 
pure mathematics courses. Besides the usual courses in college algebra, trigo- 
nometry, analytical geometry and calculus (15 hours), a two-hour course in 
higher algebra, a three-hour course in modern geometry, a two-hour course in 
history of mathematics and a three-hour course in analytic mechanics or advanced 
calculus, are specifically required. The remaining 5 or more hours are elective. 
In order to be certificated for teaching mathematics in the secondary schools in 
Kansas the student must also take a three-hour teachers’ course in mathematics, 
a semester’s work in practice teaching in the training school, a three-hour course 
in general psychology, a three-hour course in educational psychology, a three- 
hour course in the history of education and 6 hours of elective work in the school 
of education. While these requirements are probably less than some others, 
they doubtless do not differ greatly from those of a number of middle-western 
universities. 

The writer believes that courses in education possess a distinct value for the 


prospective teacher of mathematics. They give him some concepiion of the 
human side of his work. More than one young professor, splendidly equipped 
mathematically, has failed as a teacher because he spent his energy in trying to 
teach mathematics fo students and never acquired the point of view of teaching 
students by means of mathematics. 


Repty sy R. C. Arcurap, Brown University. 

Within the past decade many of those charged with directing the education 
of youth in the United States have had their outlook immensely extended, and 
their ideas radically changed by careful study and consideration of methods 
employed in other countries. They have discovered that the standards to which 
teachers in practically all the secondary schools of France, Germany, Italy and 
many other countries must attain are far higher than those demanded in even the 
best secondary schools of the United States. As far as mathematics is concerned 
this has been set forth with great explicitness, during the past few years through 
the publications inspired by the International Commission on the Teaching of 
Mathematics. 

As a result, thoughtful inquirers have reached the conclusion that the efficiency 
and general well-being of this country demand that some radical changes be made 
in the method of conducting secondary education; moreover, that as a beginning 
of necessary reform, newly appointed teachers should be college graduates who 
are informed as to the problems and methods in secondary education and who, 
while they have learned to appreciate varied forms of scholarship and culture, 

have yet been specially equipped to teach one or two nearly related subjects. 
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It is with deep appreciation of the important work to be done in promoting 
the cause of secondary education, and therefore of higher education, that the 
department of mathematics in Brown University lays emphasis, by virtue of 
special courses and personal effort, on the methods employed in the preparation 
of teachers of mathematics. The annual increase in the number of students 
taking this work in the department seems to testify to the fact that a real need 
is being met. 

It is considered important that prospective teachers of mathematics should 
have a thorough scientific reconsideration in college of the principles of secondary 
school mathematics, that the true inwardness of all operations, and a clear 
understanding of the foundations of the various subjects, should be acquired. 
This knowledge, together with adequate facility in presenting it, presupposes 
that the student has been carried far beyond the subject matter actually to be 
taught at a later day in the secondary school. But it is only with such prepara- 
tion that a teacher of mathematics can claim to be competent to lay the founda- 
tions of a subject which is doubtless of more far-reaching importance than 
any other. 

The eleven semester courses (each three hours per week) required for recom- 
mended teachers are: algebra, geometry, plane trigonometry, analytical geometry, 
and differential and integral calculus. 

The two-semester teachers’ course in algebra constitutes an introduction to 
some of the concepts of modern analysis. Among the topics treated are, the 
number system, with special reference to irrational numbers, limits, infinite 
series, fundamental operations, determinants and proofs of the fundamental 
theorem of algebra. 

In the two-semester teachers’ course in elementary geometry the student is 
taught: methods for attacking Euclidean problems; discussions of famous prob- 
lems; the existence of transcendental numbers and the proof of the transcendence 
of x; means of rigorous discussion of the more delicate and difficult parts of the 
subject such as the systems of axioms; something about (a) the history and 
literature of elementary geometry and (b) the most important French, German 
and Italian texts. 

As to the course in solid and spherical geometry, the ability to reason accurately 
from fundamental axioms, and to solve originals, is demanded. 

The work in analytical geometry occupies one and one-half semesters and that 
in calculus two and one-half semesters. 

In addition to those mentioned above it is possible to take six or eight other 
year-courses, partaking somewhat of a graduate character, and some such courses 
are usually elected by our embryonic secondary school teachers. For example, 
during the year 1915-16 Goursat’s Mathematical Analysis, volume 1, was a 
text in one course; in another, Pierpont’s Functions of a Complex Variable, 
and in a third, Papelier’s Coordonnées tangentielles. In no one of these courses 
were there less than ten students, the majority of whom were preparing to be 
secondary school teachers. For the year 1916-17, the first volume of Weber’s 
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Algebra is a text in one course and in another, in differential geometry, the 
texts are the last part of volume 1 of Goursat’s Mathematical Analysis, Gauss’s 
memoirs on Curred Surfaces and selected chapters from Humbert’s Cours 
Analyse. 

Another advantage in connection with our preparation of teachers is the 
meetings of the Mathematical Club. The club is a recent organization which 
aims to create an atmosphere in which to establish friendly intercourse among 
students and teachers, and to supply an opportunity for the presentation, by 
advanced students and professors, of papers of general interest. 

Practically all students recommended as teachers of mathematics to secondary 
schools have had two or more courses in education besides work in science. 
Many students return for graduate work leading to the degree of Master of Arts. 
Their work is mainly in the department of education and in the schools of 
Providence and the surrounding cities. Under suitable restrictions tuition fees 
are met through scholarships awarded by the Board of Education of the state 
of Rhode Island. Such students (men and women) are not only well equipped 
scholastically, but have also acquired valuable insight and experience with 
reference to methods of imparting knowledge. 


NOTES AND NEWS. 
SEND ALL comMmuNIcATIONS To D. A. Rorsrock, Indiana University. 


The distinguished mathematical physicist, Professor Don José EcHeaaray, 
of the University of Madrid, died on Sept. 15, aged eighty-three years. 


Mr. F. S. Nowtan, of Columbia University, has been appointed instructor 
in mathematics at the Carnegie School of Technology, Pittsburgh. 


At Pennsylvania State College, Dr. J. E. Rowe has been promoted from 
assistant professor to associate professor of mathematics. 


Mr. E. J. OGiEssy, instructor in mathematics in the University of Virginia, 
has been appointed professor of mathematics at the College of William and Mary. 


Mr. AtBert H. Homes, a contributor to the Monruty in the department 
of Problems and Solutions, and a charter member of the Association, died at 
Brunswick, Maine, Sept. 10, 1916, at the age of sixty-five years. 


Dr. J. A. Butuarp, Mr. C. E. Norwoop, and Mr. J. J. Tanzoua have been 
appointed instructors in mathematics at the U. S. Naval Academy, Annapolis, 
Maryland. 


At Dartmouth College, Dr. R. D. Bretie and Dr. F. M. Morean have 
been made assistant professors of mathematics, and Dr. C. H. Forsytu, of the 
University of Michigan, has been appointed instructor in mathematics. 
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Dr. H. M. Suerrer, of the College of the City of New York, has been ap- 
pointed lecturer on philosophy at Harvard University, offering the courses in 
logic formerly given by the late Professor Royce. 


Mr. J. W. Lastey, JR., returns to the faculty of the University of North 
Carolina after a year’s leave of absence as fellow by courtesy in mathematics 
at Johns Hopkins University. 


The Mathematical Club of the University of North Carolina was organized 
on October 19th. The officers are: Witt1am Cain, president, ARCHIBALD 
HENDERSON, vice-president, and J. W. Lastry, Jr., secretary-treasurer. The 
club proposes to engage in mathematical investigation, especially along historical 
and pedagogical lines. 


Miss Eprra M. Coon, who for the past two years has held a position as 
instructor in the department of mathematics at Mount Holyoke College, has 
gone to Madras, India, as vice-principal of the Christian College for Women 
that has been recently founded there under English and American auspices. 
Miss Coon will teach mathematics and physics. 


The October number of The Monist is devoted to a commemoration of the 
scientific and philosophical work of WILHELM LEIBNITzZ and its 
influence on modern thought. This material in celebration of the Leibnitz 
bicentenary has been collected and edited by Mr. P. E. B. Jourpatn, the Cam- 
bridge scholar, who is especially interested in the fields of mathematics, physics, 
and logic. 


A review of the Napier Tercentenary Memorial Volume by Professor L. C. 
Karpinski was published in Science for September 22, 1916. This volume 
contains thirty papers, touching a variety of interests related to logarithms, by 
representatives of the British Empire, France, Germany, Italy, Denmark, 
Turkey, and the United States. The papers by representatives of this country 
have already been noted in these columns in earlier issues. 


At Sheffield Scientific School, Yale University, the following changes have 
been announced: Dr. H. F. MacNeisu, instructor in mathematics, has resigned 
to accept an appointment in the De Witt Clinton High School, New York City; 
Dr. D. D. Lers has gone to the Connecticut College for Women, New London; 
Dr. P. R. Rer has become instructor in mathematics in Washington Univer- 
sity, St. Louis, Missouri; and Dr. D. F. Barrow, of the University of Texas, 
and Mr. J. K. Waitremore have been appointed instructors in mathematics. 


During the past year, the Mathematical Club of Rutgers College held 
regular monthly meetings at which the following papers were presented: “Tan- 
gencies of circles,” Dr. J. A. Ingham; “The occurrence of conic sections in the 
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orbits of the heavenly bodies,” Professor W. B. Stone; “Life insurance; the life 
tables,” Professor E. Brasefield; “The use of the auxiliary angle,” Professor 
Richard Morris; “Summation of certain trigonometric series,” Mr. C. P. Osborne; 
“Logarithms; exposition of Napier’ s principles,” Mr. Ed. S. Ingham; “Ptolemy’s 
theorem and its relation to trigonometry,” Mr. Edwin Florance; “The triangle 
and its circles,” Mr. L. B. Gittleman. 


It is with regret that we record the death of Dr. L. L. Conant, professor of 
mathematics in the Worcester Polytechnic Institute, Worcester, Massachusetts. 
He was killed by an auto truck in front of his home on Oct. 11, 1916. Professor 
Conant was a graduate of Dartmouth College, class of 1879, A.M., 1887, and 
Ph.D. of Syracuse University, 1893. He engaged in public school work from 
1879 to 1887, at which time he became professor of mathematics at the Dakota 
School of Mines, remaining in this position for three years. After one year’s 
study at Clark University, he accepted the professorship of mathematics at 
Worcester in 1891, in which position he continued until his death. He was 
interested in all phases of education, serving not only in his official capacity at 
Worcester, but as a member of the Massachusetts State Board of Education from 
1909-1914. Professor Conant was a member of the American Mathematical 
Society, the London Mathematical Society, the Mathematical Association of 
America, and other scientific societies. He was the author of “The Number 
Concept,” “Exercises in Plane Geometry,” and “Plane and Spherical Trigo- 
nometry with Tables.” Professor Conant made a provisional bequest of $10,000 
to the American Mathematical Society, the income to be offered once in five 
years as a prize for original work in pure mathematics. 


The sixty-third annual meeting of the Indiana State Teachers’ Association 
was held at Indianapolis on Oct. 26-28, attended by more than 10,000 teachers 
of the state representing all grades of school work from the kindergarten to the 
college. The general meetings were held in five sections, and the sectional meet- 
ings relating to special subjects and interests met in thirty different sections. 
The mathematics section composed of high school and college teachers of mathe- 
matics met during the forenoon of Oct. 26 in Cleb Mills Hall. Some three 
hundred teachers of mathematics were present. The following program was 
presented: “The hurdle system of teaching algebra,” by Mr. M. A. Datman, 
of manual training high school, Indianapolis; “Efficiency tests in mathematics,” 
by Professor D. A. Roturock, of Indiana University; “Some school-room 
problems,” by President R. J. Arey, of the University of Maine; and a round 
table “Discussion of recent tendencies in opposition to mathematics in the 
secondary schools,” participated in by Professor F. H. Hopes, of Franklin 
College, Professor E. N. JoHnson, of Butler College, Professor R. B. Stone, of 
Purdue University, and by others. In this discussion Professor HopGE reviewed 
the criticisms of the high-school course in mathematics by Commissioner David 
Snedden, of Massachusetts, and Dr. ABRAHAM FLEXNER, of New York; Pro- 
fessor JOHNSON presented the sentiment of a representative group of “Who’s 
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Who” men and women, showing some 90 per cent. of those expressing themselves 
as being strongly in favor of retaining mathematics in the curriculum of the 
high school. 

The Mathematics Section of the Indiana State Teachers’ Association dates 
back to 1891 at which time the College Association of Mathematics Teachers, 
which had been formed a few years earlier, took on the broader field of secondary 
as well as college mathematics. The programs are arranged so as to include 
topics of interest to mathematics teachers of any grade. At the close of the 
sectional meeting a call was made for teachers of college grade to meet and 
make preliminary organization with reference to forming an Indiana branch 
of the Mathematical Association of America. The preliminary organization 
was effected by the election of Professor S. C. Davisson, of Indiana University, 
chairman, Professor W. O. MENDENHALL, of Earlham College, secretary-treasurer, 
and Professor F. H. Hopes, of Franklin College, as member of the executive 
committee. This is the fifth section of the Association to be organized. The 
others are Kansas, Ohio, Missouri, and Iowa. 


The Scientific American Supplement for August 5, 1916, contains an article 
by Professor R. E. Morrrz, of the University of Washington, describing the 
“Clyco-Harmonograph,” an instrument for drawing in ink or pencil some sixty- 
three distinct species of mathematical curves, among them such known curves 


as the conchoids, the nephroids, the foliates, and harmonic curves. The method 
commonly employed in the construction of such curves is to plot the curve by 
points determined by their equations. This process is laborious, and accumulates 
inaccuracies. The Moritz instrument eliminates these errors, and constructs 
the curves with the greatest ease and precision. The article in the “Scientific 
American Supplement” shows a photograph of the instrument and reproductions 
of a number of harmonic curves constructed by it. 


Recent papers read before the Association and the Society indicate that 
renewed interest is apparent in all phases of mathematical history. Hence, 
no apology is needed for the publication of notes such as the following: 

In Nature, December 3, 1914, p. 363, Professor Cason1 showed that the cross 
X as a symbol of multiplication, which is said in histories to occur first in William 
Oughtred’s Clavis mathematicae (1631), is given in form of the letter x and X in 
Edward Wright’s translation of John Napier’s Mirifict logarithmorum canonis 
descriptio, second edition, London, 1618, where we read, page 4: “The note of 
addition is (+), of subtracting (—), of multiplying (X).” This is taken from 
a part of the book headed “Appendix to the Logarithmes,” the authorship of 
which is not given but is believed now most probably to be attributed to William 
Oughtred. 

In 1902 Professor W. W. BEeman pointed out (L’Intermédiaire des mathéma- 
ticiens, T. 9, Paris, p. 229, question 2424) that the colon (:) occurs as the symbol 
for geometric ratio at the end of the tables in Oughtred’s Trigonometria of 1657. 
Professor Casori has found that the colon was so used by the astronomer Vincent 
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Wing in 1651, 1655 and 1656 and by a Suffolk schoolmaster with the initials 
“R. B.” in 1655. For further details see Nature, Dec. 31, 1914, p. 477. 

The first designation of the sides of a triangle by the same letters, respectively, 
as the angles opposite, one group of letters being capitals A, B, C, and the other 
group small letters a, b, c, has been attributed to Leonhard Euler (Histoire de 
Vacadémie de Berlin, année, 1753, p. 231), but Professor Casont finds that it occurs 
in a pamphlet containing trigonometric formulas published by Richard Rawlinson 
of Queen’s College, Oxford, sometime between 1655 and 1668. Additional 
information on this is given in Nature, Feb. 11, 1915, pp. 642 and 643. 


Recent discussions on the teaching of mathematics to students of engineering 
recall some earlier references to this topic. For instance, in the December, 1914, 
number of the Bulletin of the American Mathematical Society Mr. Grorcr 
PAASWELL, C.E., calls attention to the great need of applying fuller mathematical 
analysis to the problems of the applied science professions, and speaks of the 
appalling gaps in analysis which the engineer must bridge with assumptions far 
from rigorous or satisfactory; he appeals to producing mathematicians to turn 
their attention to bettering this state of affairs. 

In the April 1915 number of the Bulletin Professor C. N. Haskins makes reply 
to two leading points of criticism: (1) While the curricula of the schools of applied 
science are not sufficiently intensive or extensive to enable their graduates to 
meet these outstanding problems with a great wealth of mathematical power, the 
required mathematical courses represent very nearly the maximum of what can 
be effectively assimilated and used by the average student in such schools. 
Mathematically able students might however elect broader and deeper courses of 
a suitable sort. (2) As to the criticism that an engineer despairs of being able 
to read modern mathematical treatises unless in lines already familiar to him, it 
must be recognized that this “has its exact counterpart in the mathematician’s 
despair of keeping up with modern engineering thought and practice.” In 
analogy with courses leading to the degree of Doctor of Public Health, Professor 
Haskins suggests the establishing in a few advanced institutions of graduate 
courses wherein competent men may devote themselves to research in the prob- 
lems of engineering and may at the same time prepare themselves for effective 
work in the mathematical problems of engineering. 


SECOND ANNUAL MEETING OF THE ASSOCIATION. 


The second annual meeting of the MATHEMATICAL ASSOCIATION OF AMERICA 
will be held at Columbia University in New York City on Thursday, Friday 
and Saturday, December 28, 29, 30, 1916. The meeting will open with a joint 
session on Thursday afternoon of the Association with the American Mathe- 
matical Society, the American Astronomical Society, and Section A of the 
American Association for the Advancement of Science; at which time Professor 
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E. W. Brown, of Yale University, will deliver his retiring address as president 
of the American Mathematical Society, and Professor A. O. Leuschner will 
deliver his retiring address as vice-president of Section A of the American Asso- 
ciation. 

On Friday morning Professor Florian Cajori, of Colorado College, will give 
an address before the Association on the History of Fluxions; and Professor M. 
W. Haskell, of the University of California, will speak on University Courses in 
Mathematics intended for Teachers of Secondary Mathematics. The latter paper 
will be discussed by Professor J. W. Young of Dartmouth College and Professor 
Edward Kasner of Columbia University. 

On Friday afternoon will be the meeting of Institutional Delegates devoted 
to a discussion of the subject of Mathematical Libraries for Colleges, including a 
report of the Library Committee by the Chairman, Professor W. B. Ford of the 
University of Michigan; and a paper by Dr. T. H. Gronwall of New York City 
on “ A Nucleus for a Mathematical Library.” 

On Saturday morning Professor E. B. Wilson, of the Massachusetts Institute 
of Technology, will give an address on The Mathematics of Aerodynamics, and 
the subject will be discussed by Professor A. G.’ Webster of Clark University, 
and Professor E. W. Brown of Yale University. 

On Thursday evening there will be a joint dinner of the Mathematical Asso- 
ciation of America with the American Mathematical Society, and Section A 
of the American Association for the Advancement of Science. 

On Friday between twelve and two o’clock there will be an exhibition of 
Portraits and Medals of Mathematicians from the collection of David Eugene 
Smith. 

The annual business meeting, with election of officers and other important 
matters, will occur on Friday afternoon at half past three o’clock. All meetings 
of the AssocraTION will be held in room 301 of Hamilton Hall, Columbia Uni- 
versity. The headquarters of both the Association and the Society will be at the 
Murray Hill Hotel. Members should make reservations at the earliest possible 
date. 

The Program Committee, Professor David Eugene Smith, Chairman, stands 
as announced in the November issue. The Committee on Arrangements, Pro- 
fessor Thomas S. Fiske, Chairman, has been enlarged by the addition of Professor 
Joseph Bowden, of Adelphi College, Professor C. O. Gunther, of Stevens Insti- 
tute, and Professor J. B. Chittenden, of the Brooklyn Polytechnic Institute. 

The Committee on Libraries, whose preliminary report will be given at this 
meeting, was announced in the November Monraty, but through an oversight 
of the editors the names of two members were omitted. The full committee is 
as follows: Professor W. B. Ford of the University of Michigan, Chairman, 
Professor Florian Cajori of Colorado College, Professor E. S. Crawley of the 
University of Pennsylvania, Professor S. Lefschetz of the University of Kansas, 
Professor W. R. Longley of Yale University, and Professor R. E. Root of the 
United States Naval Academy. 
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Jourdain, P. E. B. See Cantor. 
Kara‘ toff, V. Engineering Applications of 
igher gy 297. 
See Richardson. 
. L. A Text Book on Practical 
= 97. 
gh Text Book of Mechanics, 


H. F., and Dickson, 
GA. Bi and ‘Application of Finite- 
homme 65, 98, 115. 
Napier Memorial Volume, 400. 
Palmer, C.G.,and Taylor,D.P. Plane Geom- 
etry, 1 
Popplewell, ww. C. The Elements of Surveying 
and Geodes , 115. 
Richardson, R. P. Fundamental Conceptions 
of Mathematics, 115. 
Crathorne, A. R., and Taylor 
vacheel Algebra, First and Seco 


‘Vivanti, 


INDEX TO VOLUME XXIII. 


Schwartz, A. J. See Young. 
Smith, D. See Wentworth. 


Townsend B J. one of a Complex 
ariable, 115. 
Tracy J.1. See Wilson. 
G. Elementi della Teoria delle 

uazioni Integrali Lineari, 358. 

Webb, H. E. See Betz. 

Webster, 'A.G. Partial Equations 
of Mathematical Physics, 97 

Wells, W., and Hart, W. W. Plane and Solid 

Geometry, 116. 

Wentworth, G., and Smith, D. E. Trigonom- 
etric and tontiade’ Tables, 116, 297. 

Whipple, F. J. W. See Jackson. 

ere E. T. A Course of Modern An- 

ysis, 1 

Williams, J. i, and Williams, K. P. Solid 
Geometry, 146, 206. 

Wilson, W. A. Analytic Geometry, 206. 

Young, J. W., and Schwartz, A. J. 
Geometry, 116. 


Plane 


PERSONAL MENTION 


RB. 190, 192; Altshi Ne 316; And Anderegg, 
F., 191, 193; Archibald, ok. C., 184, 229, 288: 
Armstrong, G. N., 191; "Arnette, 28. 

Babbitt, A 316; Barrow, D. 400; Beal, 
F. W., 317; Beetle, R. D., 399; Bell, E. T., 97; 

 W., 402; Bennett, A. A., 316, 317, 
358; Birkhof, G. D., 319; Blanchard, R. L 
229: Bliss, G. A., 230; Bécher, M., 230, 3177 
Borger, R R. L. 357; Brasefield Aw 400; Brown, 

; Brown, E 67; Bullard, J. A., 
184, 316; Burgess, 2 239; Burnside, W., 46. 

Cain, Willi ee Cairns, W. D., 277 

Cajori, F 66, 402. Canaday 
: Carslaw, H. 8., 317; J. J., 229 
Coventer, H. a "857; Cobb, H. * Gale’ 
F. N., 319; Collins, J. V., 67; Colpitts, E. C., 
Coolidge, 276, 284, 319, 358; Coon, "Edith 
400; Cowley, E 269; ’Crathorne, A.R., 

"283; Currier, C. 

A 401; Denia, J J. M., 97; Davis- 
om, edekind, J. W. R., 145; Dem- 
’Dines, 

68, 229; Duncan J.C. 317; 
"367? Durell, F., 65; Dustheimer, 


ta Don José, 399; Eells, W. C., 269; 
Eise’ 284, 358; "Eliot, C. Ww. 146: 
Emch, A., 358; Emmons pie 269; 
Escott, E BST; Evans, G. C., 

J. C., 146; Fine, H. B., 28, 230; 276, 277, 319; 
Fiske, 8., 276, 319; "Tite, W. B., 284; ’Flex- 
ner, Ab 401; Florance, E, 230, ir 
Focke, T. M., 191, 193; Ford, W. B 


C. H., 28; F. M., 399; 


Garner, H 
Gist, A. H, 316; 


190, 192; 316; Glover W., 
Goldsborough, C. R 
190, 191; Gaal, 3. 


277; 


G G. 
W. 184, 357; Haskell, M. W., 328 
H , 400; Hassler, O., 358; 
Hawkesworth 358. 269; Hazlett, 
O. C., 185; Hedrick, 
319; Henderson, Archibald, 400; Hildebrandt? 
T. H.,, 2 , 269; Hodge, F. H., 401, 
402: ate, "358; Holmes, A. H., 399; 
, 191, 193; Hopkins, M , 146; 
28; ‘Hornung, C., 192: 
, 277, 278; Huntington, BE. V. 
145, 229, 272, 3 377, 388; Hurwitz, W. A., 284; 
Hyashi, hi, T., 3 
8, 230, 401; Ingham, J. A., 400. 
Jackson, D., 145 317; Jacobs J., 28; James, 
V., 269; John, J. P. D., 317; Johnson, E. N., 
401; Johnson Wa Jordan, H.E,, 28; 
Jourdain, P. E. B., 187, 400. 
inski, L. C., 26,'98, 400; Kel 36 
en. . M, 65; 
228; Kire ., 184; Klein, 


janovsky, D 

Larew, G., ” 318; Larsen, A. W., 28; Lasl 
400; Lazzeri G., 66; Lefschetz, 8. 
27, 28 28, 317; Leib, D. , 400; Le Meg 3 


T., 28; Levy, C. 'T., 228; Lewis, A ne 


| | Palmer, 
ourse, 116. 
Roberts, Lucy. See Jackson. 
Sandwick, R. How to Study and What to 
Study, 116. 
F 
H 
G 
G 


C 147, 
Macham, McKim, 269; 
McMackin, F 269; MacNeish, H. 
Maglott, E. 8., 316; Martin A., 147; 
R. 23; Mathewson, L. om 147; Mendenhall, 
W. ; GE. 359; Merrill, A. 
8., 228, Merl, 276; Metaler, 
W. H Miles, E qa "186" Miller, A., 65; 
Miler, B Bi iller, E. B., 317; Miller, 
G. A., 6b, of; Miller, J. A”, 270; Milli, 


J. F., 27; U. G. 27, 28, 164; Mit 
Leffler, M. G., 185, 270, 276; Moore C.N,, 
27, 66, 190, 192 270; Moore E. H 229, 283, 
288; Morgan, F. M., 399; Moritz, R. E., 402 
Morley, F., 246; Morris, 190, 191, 
Morris, F. R., 359; Morris,’ R. "359, 400; 
Moulton, F. R, 230; Myers, H. We 316. 
elson, 27; Nelson, C., 28; Neville, 
E. H., 317, 358; iy they M., 165; Noble, C. A., 
359; Norton, A. H., 228; Norwood, C. E., 399; 


Nowlan, F. 
Oglesby, E "309; Olds, G. D., 185, 276; 
er, ; Osborne, é. , 400. 
26; Paolina, Q:, 66; Pape 
+» 283 Pascal, E., 269; Pearson, K. 
358; Phillipe 


, 165; ’ Pfeiffer, G. A., 
Pitcher, A A. D. ia, 


230; Porter, M M. B., 270. 

Ramsey, J. nls. ., 65; Rasor, 
8. E, 190, 191; *Rebaal C. M., 316; 

Richardson, R G.D., 239; Richard- 


Rice, 
"145; Heit, L., 27, 68, 146; Rider, 
400; Ritt, J. F., 358; Ritter, A., 28; 


P. R., 
W. H., 353; D.’A., 401; 


Acta Mathematica, 185, 270. American 
Association of University Professors, 99. Am- 
erican Journal of 147, 185, 
American Mathematical Society, 66 , 184 188, 
227, 319; Chicago Section, 67, 98, 185; Collo- 
quium, 319, 402. Annals of Mathematics, 288, 
317, 318, 358. Pm mv of Mathematics 
Teachers of New J , 230, 359. Association 
of Ohio Teachers of athematics, 230. Asso- 
ciation of Teachers of Mathematics in the 
no. States and Maryland, Pittsburgh Sec- 

on 
|. Bolletino di Bibliographia e Storia delle 
Scienze Matematiche, 66. Bulletin of the 
University of Kansas, 27. Bureau of Educa- 
tion Bulletin, 27. 

California High School Teachers Association, 
359. Cambridge bareage in Mathematics, 146. 

Educational Times, 100 
Congress of Mathematicians, 


Journal of Educational Psychology, 146. 

L’Enseignement Mathématique, 67. 

Mathematical Association of America, Char- 
93, 134, 271; Committees, 95, 96, 


183, 226, , 361; Lib 64, 183; Organization 
and Constitution, 1 uncil Announcements, 
225; Meetings, 29, 3, 


360, 404; Platform, 31; Progress, 93; In 


INDEX TO VOLUME XXIII. 


JOURNALS, ASSOCIATIONS, ETC, 


183, 227, 272, 273, 318, 
diana 


411 


Rowe, J. E., 399; as 5 O., 27; Running, 
Russell, B 


, W. 
H. E., 276; Smart, W. , 270; ’ Smith 
147, 272, 277, 279, 283, 319; Smith, F. “te 316; 
Smith, G. W.,.28; Snedden, David, 4 401; Snyder, 
. R., 359; ‘Snyder, Sperry, ’P., 146; 
Sige, H. W,, Stark, M. E., 229; Stouffer, 
28; Stein, G 147; Steimley, i L., 28; 
Btone, 4 c, 230; Stone, R. B., 401; Stone, W. 
Strang, ’B. B., 28; Stromquist, C. E., 


Tanzola, J., 399; Taylor, E. ee 27; 
Thompson, P., '269; todd, A. 65 Torey, 
M. M., 229; L, 269; 
65; G. 230; Tyler, H. W., 276, 283, 


360. 
Van der Vries, J. N., 165, 272, 277, 279; 
Vleck, E. B., 229; Veblen, 0., 224, 283, 


320, 359; Nivanti, 

A 319; 
Wells, We West, A., 
J. 317; White, H. S., 67, 246; Whittemore, 
J. K., 400: Wilczynski, E. J., 67, 359; Wiley, F. 
B., 191; Williams, | A Wilson 
229; Winger, R. M., 147; Wood, F. i 316; 

Woods, B. M., 76; Woods, F. S., 272, 277, 281. 

Yanney, B. F. 190, 192; Young, A. E., 190, 
191; Young, J. W. A., 186, 277, 283; Young, 


. H., 146. 
Zeis, H. C., 27; Ziwet, A., 276, 288. 


187, 270, 361; 


Section, 402; Iowa Section 
Kansas Section, 164, 361; Missouri Section; 
361; Ohio Section, "185, 189, 361. Mathe- 
matical Clubs, 28, 98 99, 147, 185, 186, ‘187, 
188, 230, 318, 358. Mathematical Gazette, 65, 
317, 358. Mathematics Section of the Indiana 
State Teachers’ Association, 402. Mathe- 
— Teacher, 147, Mind, 187. Monist, 


Naturae Novitatis, 185. 

Periodico di Matematica, 66. Philosophical 
Transactions of the Royal "Society of Lasien, 
358. Proceedings of the Edinburgh Mathe- 
matical Society, 186. Proceedings of the 
London Society, 146. 

Rendiconti della Accademia dei Lincei, 269. 
Rendiconti del Circolo Matematico di Palermo, 
358. Revista de Matematicas, 186. 

School and Society, 65, 146, 185, 186. 
School Science and 28, 65. 
Science, 27, 66, 99. Scientific American, 402. 
Scienti ¢ Monthly, 67. Scientific Series of 
Publications of the University of Michigan, 

186. Summer ion Courses, 148, 231. 


Texas Mathematics Teachers’ Bulletin, 270. 

Washington University Studies, 358. 

Zeitschrift fiir Mathematischen und Natur- 
wissenschaftlichen Unterricht, 231. 


|| 
Schorling, R., 28; Shaw, J. B., 277, 284; 
. Sheffer, H. M., 184, 400; Sherman, F. A., 114; 
l 


ERRATA NOTED IN VOLUME XXIII. 


Page 53, in the figure the point M. should be symmetrical with the point k. 
Page 54, line 3, R before the integral sign should be R?. 
Page 54, line 9, the denominator of the last term should be “mR” instead of 
VR? — 
Page 54, line 11, the first parenthesis should precede “tan.” 
Page 160, first line of note 2, for “collectionis” read “collectio.” 
Page 161, line 14, add “or internal” after “external.” 
Page 161, line 15, add “or external” after “internal.” 
Page 161, line 3 of footnote 1, for “Elucid” read “Euclid.” 
Page 304, line 16, for “radical axis” read “ given line.” 
Page 329, line 18, for “wu = 1” read “m = 1.” 
Page 334, line 18, for “(mn — 1)th term” read “the term ay-3.” 
Page 353, Example 228, for “ Hermon C.”’ read “ Herman R.” 
Page 354, line 14, change y = 8 toy = 5. 
Line 2 up, for “ Ox” read “OY.” 
In the diagram change B’ to B. 
Page 360, line 22, for “ first ” read ‘“ second.” 
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on the economy of thought in science. . . . But in this book the study 
of almost every conceivable kind of activity is made from the abstract 
point of view of Efficiency.” —Nature, London, England. 


‘¢The book not only invites but compels hard study and will repay 
it.’’—Educational Review. 


For circulars and other information send to the publishers. Price, $2.50 net. 


J. B. LIPPINCOTT COMPANY coe 


The American Mathematical Monthly 


For the convenience of contributors the following scale of prices for reprints 


is given. An order for reprints should be made in returning galley proof sheets 


to the Managing Editor. 
SCALE OF PRICES 


4pp. S8pp. 12pp. 16pp. 20pp. 24pp. 28pp. 32pp. 48 pp. 64pp 

25 Copies $1.35 $1.80 $2.35 $2.60 $3.25 $3.85 $465 $5.10 $7.15 $9.35 
50 Copies 145 1.95 260 2.92 367 430 5.20 5.70 810 10,60 
75 Copies 160 230 3.05 345 470 495 610 660 9.45 11.05 
100 Copies 1.80 260 350 3.95 5.10 5.90 7.00 7.50 10.85 138.05 
150 Copies 2.05 3.05 420 485 6.75 695 7.35 9.15 13.20 17.55 
200 Copies 2.35 3.75 5.25 615 7.85 875 10.45 11.05 16.35 21.65 
300 Copies 295 4.75 6.85 815 10.60 11.90 1410 1485 22.15 29.55 


Covers extra, on regular stock: 50 copies $1.00, and one cent for each additional copy. 
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The Works of 
William Oughtred 


By FLORIAN CAJORI 
Price, $1.00 


Willian Oughtred (1574(?)-1660), though by profession a 
clergyman, was one of the world’s great teachers of mathe- 
matics and should still be honored as the inventor of that 

. indispensable mechanical instrument, the slide-rule. ! 


His earliest and best-known book was his Clavis Mathe- 
maticae. Though in its first edition of 1631 it was a booklet 
of only 88 small pages, yet it contained in very condensed 
form the essentials of arithmetic and algebra as known at that 
time. As compared with other contemporary works on algebra, 
Oughtred’s is distinguished for the amount of symbolism used, 
particularly in the treatment of geometric problems. 


Oughtred introduced an interesting, and at the same time 
new, feature of an abbreviated multiplication and an abbrevi- 
ated division of decimal fractions. On this point he took a 
position far in advance of his time. 


A word should be said on Oughtred’s definition of + and —. 
He recognizes their double function in algebra by saying 
(Clavis, 1631, p. 2): “Signum additionis, sive affirmationis, 
est + plus” and “Signum subductionis, sive negationis est — 
minus.” They are symbols which indicate the quality of 
numbers in some instances and operations of addition or sub- 
traction in other instances. In the 1694 edition of the Clavis, 
thirty-four years after the death of Oughtred, these symbols 
are defined as signifying operations only, but are actually used 
to signify the quality of numbers as well. In this respect the 
1694 edition marks a recrudescence. 
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Just Published 


DIFFERENTIAL CALCULUS 


By H. B. Puttuips, Ph.D., Assistant Professor of Mathematics in 
the Massachusetts Institute of Technology. 


In this book the author has continued the plan adopted in his “Ana- 
lytic Geometry,” wherein a few central methods are expounded and ap- 
plied to a large variety of examples to the end that the student may learn 
principles and gain power. 


FREE EXAMINATION 


Members of the Mathematical Association of America can obtain copies of these books 
for 10 days free examination—no cash in advance. Merely indicate your membership in 
this society. If not a member you can supply a reference. 


It is understood that you are to remit the price of the book within 10 days after its 
receipt, or return it to us, postpaid, within the above time. 


167 pages, 5x 744, 103 figures. Cloth, $1.25 net. 


JOHN WILEY & SONS, Inc. 


432 FOURTH AVENUE NEW YORK CITY 
London: CHAPMAN & HALL, Ltd. 
MONTREAL, CAN.: SHANGHAI, CHINA: MANILA, P. I: 
Renouf Publishing Co. Edward Evans & Sons, Ltd. _ Philippine Education Co. 


Should be in every Professional Library 


A MATHEMATICAL DICTIONARY and 
CYCLOPEDIA OF MATHEMATICAL SCIENCE 
By CHARLES DAVIES and WM. G. PECK 


Definitions of all terms employed in mathematics, an analysis of each branch and. 
of the whole as forming a single science. The only Mathematical Dictionary published 


in the U. 8, 
A Standard Work for 60 years 
Octavo, Full Sheep, Illustrated by Diagrams, 529 pages. Price $6.00. 


The A. S. BARNES COMPANY 


8381 Fourth Ave. NEW YORK 


Teachers of Mathematics 
SHOULD READ 


The Mathematics Teacher 


The only journal in America devoted entirely to the interests of the teaching of mathematics. 
It is helping hundreds of others and will help you. : " 5 
No feather of mathematics should be without it and you will not be, if a progressive teacher. 


Subscription Price, $1.00 a year 


THE MATHEMATICS TEACHER 
103 Avondale Place SYRACUSE, NEW YORK 
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Publications of the 


American Mathematical Society 


TRANSACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY. 
The Transactions is devoted to research in pure and applied mathematics 
and is the official organ of the Society for the publication of important 
original papers. Published quarterly. Subscription price for the annual 
volume, $5.00. 


BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY. De- 
voted largely to critical reviews of mathematical books, the Bulletin also 
contains reports of the meetings of the Society and of other mathematical 
bodies, short original papers, reports on progress in the science, lists of 
new publications, and notes on current events in the mathematical world. 
Published monthly, except August and September. Subscription price 
for the annual volume, $5.00. 


THE EVANSTON COLLOQUIUM LECTURES. Delivered at the Chicago 
Congress of Mathematics, 1893, by Fetrx Kuizrm. Republished by the 
Society, 1911. Price, 75 cents. 


THE BOSTON COLLOQUIUM. LECTURES. Delivered before the Society, 
Boston, 1903, by H. S. Wurrs, F. S. Woops, and E. B. Van VLEcK. 
Price, $2.00. 


THE NEW HAVEN MATHEMATICAL COLLOQUIUM. 1906. By E. H. 
Mookrg, E. J. Wiuczynsk1, and Max Mason. $3.00. 


THE PRINCETON COLLOQUIUM LECTURES. 1909. By G. A. Buss 
and Epwarp Kasner. $1.50. 


THE MADISON COLLOQUIUM LECTURES. 1913. By L. E. Dickson 
and W. F. Osaoop. $2.00. 


Circulars sent on request. Address all orders to 


American Mathematical Society 
501 West 116th Street New York City 


The American Mathematical Society was organized in 1894 and includes among its 
730 members nearly all the mathematicans of the United States. The annual dues are 
$5.00; admission fee, $5.00. Members receive the Bulletin without further charge, and 
are entitled to a reduced price on the other publications of the Society. Meetings are held 
ten times a year in New York, Chicago, and other cities. The Society has a library of over 
5000 volumes. 
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SCHOOL AND SOCIETY 


A weekly journal, which began publication on January 2, 1915, covering the field of education 
in relation to the problems of American democracy. Its objects are the advancement of education 
as a science and the adjustment of our lower and higher schools to the needs of modern life. Each 
number ordinarily contains articles and addresses of some length, shorter contributions, discussion 
and correspondence, reviews and abstracts, reports and quotations, proceedings of societies and a de- 


partment of educational notes and news. 
Annual Subscription $3.00; single copies 10 cents 


SCIENCE 


A weekly journal, established in 1883, devoted to the advancement of the natural and exact 
sciences, the official organ of the American Association for the Advancement of Science. For twenty 
years ScreNCcE has been generally regarded as the A twee journal of American men of science. 

Annual Subscription $5.00; single copies, 15 cents 


THE SCIENTIFIC MONTHLY 


An illustrated magazine, devoted to the diffusion of science, publishing articles by leading au- 
thorities in all departments of pure and applied science, including the applications of science to edu- 
cation and society. Conducted on the Tritorial lines followed by The Popular Science Monthly 
since 1900. Annual Subscription $3.00; single copies, 30 cents 


THE AMERICAN NATURALIST 


A monthly journal, established in 1867, devoted to the biological sciences with special reference 
to the factors of organic evolution. Annual Subscription $4.00; single copies, 40 cents 


AMERICAN MEN OF SCIENCE 


A biographical directory, containing the records of about 5,500 scientificmen. Price, $5.00 net 


SCIENCE AND EDUCATION 
A series of volumes for the promotion of scientific research and educational progress. 
Volume I. The Foundations of Science 
By H. Porncar&. Containing the authorized English translation by George Bruce Halsted of 
‘Science and Hypothesis,’”’ ‘‘The Value of Science,’’ and ‘‘ Science and Method.’”’ 
Price, $3.00 net 
Volume II. Medical Research and Education 
By Ricnarp Mruts Pearce, H. WEtcg, C. 8. Minor and other authors. 


Price, $3.00 net 
Volume III. University Control 
By J. McKeen Catrett and other authors. Price, $3.00 net 


THE SCIENCE PRESS 


LANCASTER, PA. GARRISON, N. Y. 
SUB-STATION 84, NEW YORK CITY 


To THE SCIENCE PRESS 
Lancaster, Pa., and Garrison, N. Y. 
Please find enclosed check or money order for 

in payment for the publications checked above. 
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New and Standard Texts 


Wilson and Tracey’s Analytic Geometry 


HIS book presents in a short course those parts of Analytic 
Geometry which are essential for the study of Calculus. The 
text is adapted for use in classes which aim to cover in one year the 
fundamental principles and applications of both Analytic Geom- 
etry and Calculus. Cloth. x+212 pages. Price, $1.20. 


Fite’s College Algebra 


‘THE clearness, brevity, and rigor of this book won for it widely 

extended use. Its perfect adaptation to the needs of college 
classes is indicated by its steadily increasing sale. Cloth. 289 
pages. $1.40. 


Miller and Lilly’s Analytic Mechanics 


A COURSE that is distinctly teachable, practical, rigorous, and 
adaptable. Abundant problems and exercises are included. 
Cloth. 312 pages. $2.00. 


Wells and Hart’s Solid Geometry 


HE Wells and Hart Solid Geometry has the same qualities of 
originality and practical efficiency that have won for their 
Plane Geometry so wide and enthusiastic favor. 75 cents. 


Burkhardt’s Theory of Functions of a Complex 
Variable 


UTHORIZED translation, with the addition of figures and 
exercises by S. E. Rasor. Cloth. Octavo. 450 pages. $4.00. 


Our new Descriptive List of textbooks in Algebra, Analytic Geometry, Calculus, 
Descriptive Geometry, Differential Equations, Mechanics, Surveying, 
and Trigonometry mailed free on request. 


D. C. HEATH & COMPANY, Publishers 


Boston New York Chicago London 
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THE NEW ERA PRINTING COMPANY 


LANCASTER, PA. 


(s prepared to execute in first-class and 
eatisfactory manner ail kinds of printing 
and electrotyping. Particular attention 
given to the work of Schools, Colleges, 
Universities, and Public Institutions. 


Books, Periodicals 
Technical and Scientific Publications 
Monographs, Theses, Catalogues 
Announcements, Reports, etc. 
All Kinds of Commercial Work 


(Printera of the Balletin and Transactions of the 
American Mathematical Society, etc., etc.) 


Publishers will find our product ranking 
with the best in workmanship and ma- 
terial, at satisfactory prices. Our imprint 
may ke found on a number of high-class 
Technical and Scientific Books and Peri- 
odicais. Correspend solicited. Esti- 
mates furnished. 


Tue New Era Printinae Company 
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Send for Catalogue and 


List of our 
Mathematical Publications 


PLANE AND SOLID GEOMETRY 
By C. A. HART, Instructor in Mathematics, 
Wadleigh High School, New York, 
AND 
DANIEL D. FELDMAN, Principal, 
Curtis High School, New York. 


(In use in the Chicago High Schools) 


STANDARD ALGEBRA, REVISED 
‘By WILLIAM J. MILNE, Late Presiden:, 
. New York State Normal College, 
Albany, N. Y. 
(In use in the Minneapolis High Schools) 


Your correspondence is solicited 


NEW YORK AMERICAN BOOK COMPANY 


CINCINNATI 


CHICAGO 330 East 22d Street, 
BOSTON 
ATLANT CHICAGO, ILL. 
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Auten, E.S. See Reviews under Carslaw. 

ArcuiBatp, R. C. Frére Gabriel Marie, 280: 

BrapsHaw, J. W. See under Discussions. 

Bussey, W. H. The Origin of Mathematical 
Induction, 199. 

See Revimws under Lebmer. 

Carns, W.D. Second Annual Meeting of the 
Association, 49. 
Second Summer Meeting of the Mathe- 
matical Association of America, 353. 
Casor1, F. Discussion of Fluxions: from 
Berkeley to Woodhouse, 145. 

Capron, P. See under Discussions. 

Cuatsurn, G. R. See Reviews under Mills. 
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. L. A Simple Geometrical Para- 
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Corey, 8. A. See under Discussions. 

CraTHorne, A. R. See Mitchell. 
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Dantett, P. J. New Rules of Quadrature, 
109, 302 


Davis, ExizapeTa B. See under Discussions. 

os L. Concerning Preferential Voting, 

O. See under Discussions. 

Emcu, A. A Problem in Perspective, 379. 

mo Useful Principle in Curve Tracing, 

See Reviews under Coolidge. 

Evans, G. W. Cavalieri’s Theorem in his own 
Words, 447. 

Forp, W. B. (Chairman of Library Com- 
mittee). A List of Mathematical Books 
for Schools and Colleges, 368. 

See Reviews under Byerly. 

FRANKLIN, P. See under Discussions. 

Frumvetter, A. F. Quadratic Factors of 

Polynomials, 208. 
he Graph of F(x) for Complex Num- 
ber, 409. 

Garrett, W.H. See Mitchell. 

Granam, B. Some Calculus Suggestions by a 
Student, 265. 

Heat, W. E. See under Discussions. 

Hepricx, E. R. The Significance of Mathe- 
matics, 401. 

Huu, L. 8. See under Discussions. 

—— See Reviews under Huntington. 

Hopes, F. H. See under Discussions. 

How.anp, L. A. See under Discussions. 

Hontinaton, E. V. On Setting up a Definite 
Integral without the use of Duhamel’s 
Theorem, 271. 

The Logical Skeleton of Elementary 
cs, 1. 
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See under Discussions. 

Jackson, C.S. A Problem in Probability, 73. 

Jackson, D. See under Discussions. 

Jounson, R. A. Directed Angles and Inver- 

poo with a Proof of Schoute’s Theorem, 

Directed Angles in Elementary Geom- 

etry, 101. 

See under Discussions. 

Karpinski, L.  Algebraical 
the Egyptians and Babylonians, 


See Reviews under Cajori. 

Kempner, A. Simple Hints on Plotting 
Graphs in Analytic Geometry, 17. 

A Simple Relation between Elementary 
Number Theory and Elementary Pro- 
jective Geometry, 317. 

LatuaM, Marcia. The Astrolabe, 162. 

D.N. See Reviews under Wilczyn- 


Lennes, N. J. See under Discussions. 

Martin, E. N. See under Discussions. 

Minter, G. A. Mathematics in the New 
International Encyclopaedia, 106. 

The Obsolete in Mathematics, 453. 

Mitcuett, U. G., Crathorne, A. R. and 
Garrett, W. H. Algebra Courses for 
College Juniors and Seniors, 362. 

See under Discussions. 

Moors, C. L. E. A Substitute for Dupin’s 
Indicatrix, 456. 

Moritz, R. E. On the Construction of 
Certain Curves Given in Polar Coérdi- 
nates, 213. 

Nysere, J. The Presentation of the Notion 
of Function, 309. 

The Linear Function and the Line, 406. 

Parker, DeW.H. See Revirws under Rich- 
ardson 


Peterson, O. J. The Double Points of 
Rational Curves, 376. 
Porter, M.B. See under Discussions. 
AM, T. M. Mathematical Forms of 
certain Eroded Mountain Sides, 451. 
Ransom, W. R. See Reviews under Love. 
Ress, E. L. See under Discussions. 
Reynotps, J.B. See under Discussions. 
Rumer, P. R. See under Discussions. 
An Intrinsic Equation Solution of a 
Problem of Euler, 420. 
Rossins, F. E. See Reviews under Johnson. 
Scum1epE., O. See under Discussions. 
Smrra,D.E. On the Origin of Certain Typical 
Problems, 64. 
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